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Abstract. We construct a one-hidden-layer neural network which can simultaneously learn several Bayesian
discriminant functions. The method can be applied if there exists a common transformation which transforms
them to sums of a common main function and simple additional functions respectively. In this paper, we treat
concretely the case where the state-conditional probability distributions are normal and the additional simple
functions are supposed to be linear. Corresponding to this decomposition, the neural network has a main
structure and additional linear nodes.

1 Introduction

Suppose that there are two categories of patterns x ∈ Rd. If there are m situations on which the state-
conditional probability distributions of the patterns depend, m Bayesian discriminant functions are necessary
to classify the patterns. In this paper, we show that a single one-hidden-layer neural network, equipped with
several additional nodes, can learn several Bayesian discriminant functions simultaneously if the discriminant
functions satisfy a certain condition.

Any monotone transforms of Bayesian discriminant functions are again Bayesian discriminant functions [1].
We suppose that there exits a monotone transformation such that for any two of the transforms qk1 , qk2 , 1 ≤
k1, k2 ≤ m, their difference qk1 − qk2 is simple in a sense. Then, qk can be decomposed into a sum qk = q0 + uk,
where q0 is the common term and does not depends on k, and the additional terms uk, k = 1, ..., m, are simple.
This decomposition is not necessarily unique and one of the uk can be zero.

However, our neural network has a structure such that it properly decomposes the qk, and its main part
approximates the common term q0 and the respective additional nodes the uk. Since the q0 is complicated and
uk are simple, many teacher signals are necessary for training the main part while a smaller number of the
teacher signals may be enough for training each additional node. Later in this paper, it will be seen that all the
teacher signals are used to train the main part and only those generated in the respective situations to train
uk. This use of the teacher signals is efficient.

We treat concretely the case where the state-conditional probability distributions are normal and the simplicity
of the terms uk implies that they are linear. Hence, the additional nodes are linear. Even if uk are more
complicated, the method can be applied if the linear nodes are replaced by some sort of modules.

The present algorithm was used in its primitive form in [6]. The network was constructed with a purpose that
it might be used even when the prior probabilities were changeable. From our present view point, the criterion
of simplicity of uk in [6] is that they are constants.

Treated in [6] was only one-dimensional state-conditional probability distributions because of difficulty in
learning with dichotomous teacher signals. In [3], it is proposed to use a neural network with hidden units
having a smaller number of inner parameters to overcome the difficulty. It has been shown that the difficulty
in learning can be more or less overcome when the proposed network is used [8],[9],[10]. This makes it possible
to extend the probability distributions to higher dimensional spaces. In the simulation in this paper, the state-
conditional probability distributions are two-dimensional.

2 Bayesian Discriminant functions

Let x ∈ Rd be patterns to be classified and suppose that they are from one of two categories. Let Θ = {θ1, θ2}
be the categories, and let Γ = {γ1, ..., γm} be the situations. Denote by Pk(θi) and pk(x|θi), i = 1, 2, the prior
probabilities and the state-conditional probability distributions in the situation γk. Let pk(x) be the probability
density at x in the situation γk. Then,

pk(x) = Pk(θ1)pk(x|θ1) + Pk(θ2)pk(x|θ2). (1)

Let Pk(θi|x), i = 1, 2, be the posterior probabilities. In the two-category case, we have

Pk(θ1|x) =
Pk(θ1|x)

Pk(θ1|x) + Pk(θ2|x)
= σ

(
log

Pk(θ1|x)
Pk(θ2|x)

)
, k = 1, · · · ,m, (2)
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where σ is the logistic function σ(t) =
1

1 + e−t
. This formula was used by Funahashi [2]. We set

qk(x) = log
Pk(θ1|x)
Pk(θ2|x)

= log
Pk(θ1)
Pk(θ2)

+ log
pk(x|θ1)
pk(x|θ2)

, k = 1, · · · ,m. (3)

The posterior probabilities Pk(θ1|x) can be used as Bayesian discriminant functions in the situation γk. Since
qk(x) = σ−1(Pk(θ1|x)) are monotone transforms, qk(x) can also be used as Bayesian discriminant functions [1].
If the difference qk1(x)− qk2(x) is simple for any k1, k2 by a certain criterion, there exist a function q0, which
may be complicated, and simple functions uk such that

qk(x) = q0(x) + uk(x), k = 1, · · · ,m. (4)

This decomposition is not necessarily unique.

When the state-conditional probability distributions are normal:

pk(x|θi) =
1√

(2π)d|Σki|
e−

1
2{(x−µki)

tΣ−1
ki

(x−µki)}, i = 1, 2, (5)

the log ratio of the posterior probabilities in the k-th situation is

qk(x) = log
Pk(θ1)
Pk(θ2)

− 1
2

log
|Σk1|
|Σk2| −

1
2
{(x− µk1)tΣ−1

k1 (x− µk1)

− (x− µk2)tΣ−1
k2 (x− µk2)}, (6)

where Σki are the covariance matrices and µki the mean vectors. We suppose that the matrices are not de-
generate. Now we regard linear functions as simple. Hence, if the difference of any two of qk is linear, the
decomposition (4) is possible.

3 Construction of the neural network

Note that there are unit vectors vi, i = 1, ..., 1
2d(d + 1), in Rd such that (vi · x)2 are linearly independent,

where · stands for the inner product. We fix these unit vectors. Let ν be a rapidly decreasing measure on Rd

and let g be a twice continuously differentiable function defined on R such that that g(2)(0) 6= 0.

It is proved in [3] that, for any quadratic form q defined on Rd and any ε > 0, there exist constants ai,
i = 1, ..., 1

2d(d + 1), bi, i = 1, ..., d, c and δ for which

‖q − q̄‖L2(Rd,ν) < ε, (7)

where

q̄(x) =

1
2 d(d+1)∑

i=1

aig(δvi · x) +
d∑

i=1

bix + c. (8)

Our neural network is constructed so that the inner potential of the output unit can realize the formula
(8). The parameters to be optimized are ai, bi, c and δ because the unit vectors are fixed beforehand. Fig.1
illustrates the basic structure of the network for learning a Bayesian discriminant function in the case where no
transition of the situation is considered. It has direct connections between the input layer and the output unit.
The activation function of the output unit is the logistic function. Those of the hidden layer units are also the
logistic function but they are shifted: g(t) = σ(t + 2). Hence, g(2)(0) 6= 0 and the output can approximate the
quadratic form (8).

2
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Fig.1 A one-hidden-layer neural net-
work which can approximate a sin-
gle Bayesian discriminant function
of the form (6). This network has di-
rect connections between the input
layer and the output unit. Here and
in Fig.2, D = 1

2d(d + 1).

Fig.2 A one-hidden-layer neural net-
work which can approximate several
Bayesian discriminant functions of
the form (6) which can be decom-
posed in the form (4). This network
has m additional linear units.

The neural network of the form in Fig.2 is used to approximate several Bayesian discriminant functions.
Marked by Uk are linear nodes which are supposed to approximate linear functions. When a teacher signal
(x, θi, γk) comes, the k-th additional node is connected to the output unit. Let Qk be the inner potential of the
output unit when this connection is turned on. It can be decomposed into the form:

Qk(x,w) = Q0(x,w0) + Uk(x,wk), (9)

where Q0 is the linear sum of outputs of the nonlinear hidden units and Uk is the output of the k-th linear
node. Here w is the weight vector of the network, and w0, wk those of the main part and the k-th additional
part of the network. By (7) and (8), Qk can approximate a formula of the form (8) in the sense of L2, Q0 a
formula of the form of the first sum on the right-hand side of (8) and Uk a formula of the form of the second
sum. With this decomposition, the output of the network can be written

F (x,w, γk) = σ(Qk(x,w)) = σ (Q0(x,w0) + Uk(x,wk)) , k = 1, · · · ,m. (10)

4 Training of the neural network

The training set is a sequence of triplets (x, θ, γ) ∈ Rd × Θ × Γ , and the trained neural network receives
doublets (x, γ). Let ξ(x, θ, γ) be a function on Rd × Θ × Γ , and let E[ξ(x, ·, γ)|x] and V [ξ(x, ·, γ)|x] be the
conditional expectation and variance of ξ(x, θ, γ) respectively. Denote by Pγ(k) the probability of the situation
γk: ΣkPγ(k) = 1. Then, we have a proposition:

Proposition 1. Set

E(w) =
m∑

k=1

Pγ(k)
∫

Rd

2∑

j=1

(F (x,w, γk)− ξ(x, θj , γk))2Pk(θj)pk(x|θj)dx. (11)

Then,

E(w) =
m∑

k=1

Pγ(k)
∫

Rd

(F (x,w, γk)− E[ξ(x, ·, γk)|x])2pk(x)dx

+
m∑

k=1

Pγ(k)
∫

Rd

V [ξ(x, ·, γk)|x]pk(x)dx. (12)

Since this is a slight modification of a proposition in [12], we omit the proof. If ξ(x, θ1, γk) = 1 and
ξ(x, θ2, γk) = 0, then E[ξ(x, ·, γk)|x] = Pk(θ1|x). Hence, when E(w) is minimized, the output F (x,w, γk) is
expected to approximate Pk(θ1|x) for each k = 1, ..., m.

3
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Accordingly, learning of the network is carried out by minimizing

En(w) =
1
n

n∑
t=1

(F (x(t), w, γ(t))− ξ(x(t), θ(t), γ(t)))2

=
1
n

m∑

k=1

∑

γ(t)=γk

(F (x(t), w, γ(t))− ξ(x(t), θ(t), γ(t)))2. (13)

This method of training is stated and used in many literatures [2], [4]-[13]. If learning goes well, the approxi-
mation of Pk(θi|x) are realized in the sense of L2(Rd, pk) for each k. Here, it can be understood that the main
part of the network is trained on all arrivals of the training triplets, while the additional nodes only on arrivals
of the signals in the respective situations.

5 Simulation

Here, we illustrate an example of simulations to show that our method works well. The network learns simul-
taneously three Bayesian discriminant functions. Listed in Table 1 are the parameters of the state-conditional
distributions in the respective situations. These probability distributions and the Bayesian discriminant functions
based on these parameters are shown in Fig.3. Since the covariance matrices do not depend on the situations,
the shapes of the state-conditional probability distributions of each category in Fig. 3 are the same through the
situations. However, their positions depend on the situations because the means are not the same. The prior
probabilities are also distinct in the three situations. In this case the decomposition (4) can be applied with
linear uk.

Situation Pk(θ1) Pk(θ2) Σ1 Σ2 µ1 µ2

γ1 0.4 0.6
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(1, 0) (-1, 1)

γ2 0.7 0.3
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(0, 0) (0, 0)

γ3 0.5 0.5
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(0, -1) (0, 0)

Table 1 The prior probabilities and the parameters of the state-conditional probability distributions. The
covariance matrices are fixed, while other parameters depend on the situations.

4
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Fig.3 N11, N21 and N31 are the state-conditional probability distributions of the category θ1 in the situations
γ1, γ2 and γ3 respectively, and N12, N22 and N32 are those of the category θ2. T1, T2 and T3 are theoretically
calculated Bayesian discriminant functions in the respective situations.

The network was trained with 1000 triplets {(x(t), θ
(t)
i , γ

(t)
k )}1000t=1 . These came out independently from the

source and the probabilities of the three situations were the same. Among them 349 signals were generated in
the situation γ1, 332 in γ2 and 319 in γ3. The initial values of the parameters could not be chosen perfectly
randomly, and we had to look for a set of initial values, with which learning of the network went well. The
outputs of the network with the initial values are illustrated in Fig.4.

When learning is finished, the network outputs the functions S1, S2 and S3 in this figure. These are the
discriminant functions obtained by the simulation. By inspection, they are fairly close to the theoretically
obtained discriminant functions T1, T2 and T3 in Fig.3 respectively.

5
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Fig.4 I1, I2, I3 are the outputs of the network with the initial values of the parameters, and S1, S2, S3 are the
outputs in the respective situations when learning is completed.

In the situation 1, the theoretically obtained Bayesian discriminant function T1 classified 888 patterns correctly
among 1000 test patterns; in the situation 2, T2 allocated 705 patterns correctly; and in the situation 3, T3
allocated 709 patterns correctly. The Bayesian discriminant functions S1, S2 and S3 classified correctly 882, 704
and 710 patterns from the respective test patterns. The allocations by the theoretical and simulated Bayesian
discriminant functions coincided at 984, 987, 981 patterns among the 1000 in the respective situations.

We have compared these results with performances of three networks having the structure shown in Fig.1.
They were trained with the same teacher signals, but individually only on arrival of the teacher signals in the
corresponding situations. After training, their allocation capabilities were tested in the same way as above.
Their allocations coincided with those by the theoretical discriminant functions at only 942, 540, 623 signals
respectively. This implies that the use of the teacher signals of the network is efficient.

6 Discussions

Thus, we have shown that a single Bayesian neural network with additional nodes can approximate several
Bayesian discriminant functions. It is obvious that this method has efficiently used the teacher signals in the
simulation. The method can be extended to the case where uk are more complicated by replacing the additional
nodes by nonlinear nodes or even by some sort of modules.

This paper is specific to the two category case. However, this is not really a restriction because its extension to

multicategory cases is a simple matter [5],[9]. An easy way to extend is to use the log ratios q(i) = log
P (θi|x)
P (θn|x)

,

i = 1, ..., n, as a set of Bayesian discriminant functions [9]. Since q(n)(x) = 0, n− 1 discriminant functions must
be approximated. In this case, too, our method can be applied, if q(i1)(x)− q(i2)(x) are simple functions for any
i1 and i2.

References

1. R.O. Duda and P.E. Hart: Pattern classification and scene analysis, Joh Wiley & Sons, New York, 1973.
2. K. Funahashi: Multilayer neural networks and Bayes decision theory. Neural Networks, 11, 209-213, 1998.
3. Y. Ito: Simultaneous approximations of polynomials and derivatives and their applications to neural net-

works. Neural Computation 20, 2757-2791, 2008.
4. Y. Ito and C. Srinivasan: Multicategory Bayesian decision using a three-layer neural network. Proceedings

of ICANN/ICONIP 2003, 253-261, 2003.
5. Y. Ito and C. Srinivasan. Bayesian decision theory on three-layer neural networks, Neurocomputing, 63,

209-228, 2005.
6. Y. Ito, C. Srinivasan and H. Izumi: Bayesian learning of neural networks adapted to changes of prior

probabilities. Proceedings of ICANN 2005, 253-259, 2005.
7. Y. Ito, C. Srinivasan and H. Izumi: Discriminant analysis by a neural network with Mahalanobis distance.

Proceedings of ICANN 2006, LNCS 4132, Springer, 350-360, 2006.

6

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems



8. Y. Ito, C. Srinivasan and H. Izumi: Learning of Bayesian discriminant functions by a neural network.
Proceeding of ICONIP 2007, LNCS 4984, Springer, 238-247, 2007.

9. Y. Ito, C. Srinivasan and H. Izumi: Multi-category Bayesian decision by neural networks. Proceedings of
ICANN 2008, LNCS 5163, Springer, 21-30, 2008.

10. Y. Ito, H. Izumi and C. Srinivasan: Learning of Maharanobis discriminant functions by a neural network.
ICONIP 2009 I, LNCS 5863, 417-424, 2009.

11. M.D.Richard and R.P. Lipmann: Neural network classifiers estimate Bayesian a posteriori probabilities.
Neural Computation 3, 461-483, 1991.

12. D.W. Ruck, S.K. Rogers, M. Kabrisky, M.E. Oxley, B.W. Suter: The multilayer perceptron as an approxi-
mation to a Bayes optimal discriminant function. IEEE Transactions on Neural Networks 1, 296-298, 1990.

13. H. White: Learning in artificial neural networks: A statistical perspective. Neural Computation 1, 425-464,
1989.

Acknowledgments

This work was supported by a Grant-in-Aid for Scientific Research (22500213) from the Ministry of Education,
Culture, Sports, Science and Technology of Japan.

7

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems



Sliding-Window Moving Average Learning for System with Lossy Packets 

V.S. Asirvadam1, M J.O Elamin2, N. Saad1 and S. F. McLoone3 
1
Department of  Electrical and Electronics, Universiti Teknologi PETRONAS, Tronoh, Perak D Ridzuan, 

Malaysia 
vijanth_sagayan@petronas.com.my 

2
Nile Center for Technology Research (NCTR), NTC Tower,                           

Khartoum Sudan 
3
Dept. of Electronics Engineering, National University of Maynooth 

Maynooth, County Kildare, Ireland 

sean.mcloone@eeng.nuim.ie 
 

Abstract. Wireless technologies tend to become a core element of acquisition and sensory system and system identification 

process represents an important tool in many practical engineering applications. The current trend is to integrate this lossy network 

technologies and system identification together by having an identification element (identifier) that is able to give a good description 

for a system underlying dynamic when the system observations (input/output data) are sent wirelessly (with lost packets).  The lossy 

network normally sent input-output data (packets) with irregular sample periods thus introduces challenges in system identification 

process. This paper investigates the possibility of performing system identification with irregular sample time using first order linear 

system with sliding window moving average techniques. By adopting data store management approach on sliding window of data the 

recursive identification methods proposed are able to map the black-box system with irregular stream of sample with good level of 

accuracy.   

Keywords. Least Mean Square, Sliding Window, Moving Average, Data Store Management, Packet Dropping Probability. 

1 INTRODUCTION  

Wireless  technologies for control applications[4]  have become one of  the basic  technologies  in  the  recent  days, 

whereas  system identification  represents  an  important  tool  in  many  practical engineering  circumstances,  thus  

integration of both wireless technologies  and  system  identification  is an important industrial process phenomena.  It  

is  well  known  that  wireless  links  are considered  as  unreliable  medium  and  therefore  the observations  loss  

across  them  is  unavoidable even with fast sampling of data.  The observations of  the  system  represent  the main  

element  in  the identification process, since  the  identifier  relies only on  these observations in order to model or 

mimic the underlying function of the system.   

Instantaneous learning algorithms are well studied and applied in the context of system identification when system 

observation are well sampled and fully received in orderly manner at the identifier side[1][7]. When considering 

wireless network as a transfer medium, random observations loss becomes unavoidable (due to wireless impairments) 

which deteriorates the quality of the model produced by using conventional techniques.  The difference between off-line 

and on-line system identification setups over wireless network is shown in Figure 1 [5][3]. As it can be seen from the 

figure in off-line case the system observations are kept upon their arrival in a store and processed after receiving the 

whole training set, while in an on-line case there is no store and the received observations are processed 

instantaneously. In the figure yt and ut are the transmitted output and input respectively, yr and ur are the received output 

and input respectively and ŷ is the estimated output. 

 

  

 

 

 

 

 

 

System 
   

   

     

   

 Wireless 

Network 

On-line Setup 

  
Identifier 

System 
   

   

     

   

 Wireless 

Network 

Off-line Setup 

  
Identifier Store 

Fig. 1:  Off-line and On-line System Identification Setups over Wireless Network 

8

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems

mailto:vijanth_sagayan@petronas.com.my
mailto:sean.mcloone@eeng.nuim.ie


Two core issues in online learning techniques are; first the data are correlated which means the subsequent observations 

are similar in values due to fast sampling. The second will be the contradictory, where in the case of observation loss for 

continuous stream of input data, the error function tends to increase. This paper try to address these issues using online 

least square technique (LMS) and high order sliding window approach. 

The paper is organized as follows; section 2 will look into LMS and its decorrelation method proposed recently by the 

present authors [3]. Section 3 will look into observations lost and system with frequent sampling while section 4 

introduces to the sliding window normalized LMS and data store management scheme for system with lossy link 

network. Section 5 present some simulation results and finally section 6 concludes with discussion about this work.   

 

2 Least Mean Square (LMS) 

The learning rule for LMS [1][7] is formulated as the minimization of the instantaneous mean squared output error 

(MSE): 

 

      
 

 
  

  
 

 
       

       where            
      

where    is the system output and    is the model estimation at time  . The systems under consideration are linearly 

dependent on a given set of weights, where    is an n-dimensional regressor vector and      is an n-dimensional 

weights vector. The weights update rule is given as follows:   

               and       
 

  
              

 

where   is the learning rate (normally set to constant value) and    is an n-dimensional search direction vector set as the 

negative of the gradient of the instantaneous MSE cost function as follows.  

3 Observations Loss  and Correlation Effects 

In the classical LMS algorithm which assumes periodic weights update where the observations reach the identifier in 

predefined sampling intervals. In the case of irregular sample period the observations arrival can be modeled via 

Bernoulli process (   ) during observation loss [3][5]. Thus the weights update would depend on Bernoulli process 

behavior which leads to stochastic weights update as it is shown by the following equation: 

                 

Single tank system test problem (see Appendix) used to show the LMS performance for different settings of packets 

dropping probability (PDP). Figure 2 shows how the error minimizes until it settles at small value if PDP = 0 while the 

error increase as PDP rate increases the error increases.   

 

 

 

  

 

 

3.1 Correlation Effect 

Correlation level between observations can be measured by computing the correlation angle (     ) between the current 

observation vector (  ) and the previous one (  ), as it is demonstrated by equation (4): 

             
  

   

         
   

(2) 

(1) 

(3) 

(4) 

Fig. 2: LMS Performance at Different Settings of PDP. 
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The lower the correlation angle the greater the correlation level and the value (     represents orthogonal vectors while 0 represents 

completely correlated vectors.   

3.2 Sine Function Based De-Correlation (SD) 

The present author proposes an instantaneous technique to treat the correlation effect at the identifier side known as sine 

function based de-correlation (SD) [5]. The SD technique in short sets the learning rate to the sine of the correlation 

angle and since the correlation angle, between two immediate observations, ranges between 0 and      , the learning 

rate will be changing only in the range between 0 and 1, giving: 

                

Equation (5) shows that when observations are highly correlated (       ) weights are not updated, as the value     = 

0, while large step size will be taken when observations are orthogonal (         ) as     = 1.  

 

Figure 3 shows the 

performance of LMS-SD in 

comparison with the traditional 

LMS at different settings of 

PDP. The graph shows the 

LMS performance in absence 

of loss where LMS-SD 

converges faster due to the 

adaptive learning rate. The rest 

of the graphs (3(b) and 3(c)) 

show that as PDP increases the 

performance degrades in 

general but LMS-SD perform better compared to the traditional LMS.  

4 Sliding Window (SW) Moving Average 

Sliding window training algorithms, also known as high order training algorithms [1][2], uses sliding window of system 

observations to perform instantaneous system identification. In sliding window training the model weights are updated 

using information obtained from store of L previous training pairs. The regressor vector (  ), weights vector (  ) and 

data store (   ) are defined as follows:  

    

 
 
 
 
 
 
    

 
    

    

 
     

 
 
 
 
 

        

 
 
 
 
 

  

 
  

 
     

 
 
 
 

         
       
            

       

       
  

The pair (     ) refers to the     training vector at time  . The output error for this vector with respect to the current set 

of weights is defined as follows:  

 

        
       and      

   
 

 
   

 
      

Given L data store vectors and the current data points    and   , the normalized moving average search direction 

(  
   ) is given as follows:  

 

  
    

 

 
 

    

    

 

   

 

4.1 Data Store and Error Management  

Data store management (DSM) for sliding window learning is an important element and comparable as choosing a 

suitable training algorithm and should not be overlooked. One of the simplest strategies for data store management is to 

adopt first in first out (FIFO) strategy. This strategy discards the oldest training pair in the store and admits the current 

one in. FIFO strategy has an advantage that the store information represents the current state of the system.  

(6) 

(7) 

(5) 

  

             (a) PDP = 0.0                          (b) PDP = 0.6                        (c) PDP = 0.9 

    

Fig. 3 : Performance of LMS-SD and the traditional LMS for different settings of PDP 

 

(8) 
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In wireless data transmission those received observations at the identifier side might be correlated because of 

oversampling and therefore DSM strategies should take into account the correlation effect. One partial solution will be 

incorporating the sine de-correlation technique for moving window of LMS.  

Another grave issue in instantaneous training is sudden surge in cost function (error function) due to loss of 

observations or maybe due to the nature of the systems. The research work here tries to incorporate error measurement 

(EM) strategy in order populate the data store based on the output error value. Typically the EM strategy computes the 

output error for each training pair then it discards the training pair with the largest output error (  ,   ) and admits the 

current one  (  ,   ):  

 

 

 

The advantage of EM strategy is that during observations loss the undesired contribution of the output error in the 

weights update process will be reduced.  

4.2  Moving Average Based on Combination of EM and SD (MA-EMSD)  

   The normalized version of  moving average with error management (EM) strategy and sine function based de-

correlation (SD) technique (NMA-EMSD) manages the store using EM strategy while sets the learning rate according 

to SD technique. The procedure starts by checking the current packet (input/output) data received and check for the next 

packet otherwise the store member with the largest output error will be replaced with the current observations vector 

according to EM strategy. The procedure then proceeds to check to determine whether the current packet received after 

a period of sampling intervals, where in case of loss the small constant learning rate will be considered otherwise the 

adaptive learning rate with sine decorrelation used to computed the SW learning. Once the learning rate has been 

determined the procedure computes the moving average search direction (  
   ) then it proceeds to update the weights 

and compute the estimated output (  ).  

5 Results and Discussions 

Single Tank test problem (refer to appendix) used to evaluate the performance of NMA-EMSD in comparison with NMA-

FIFO at different settings of PDP. Figure 4(a) shows that in absence of loss (PDP = 0) NMA-EMSD settles faster than NMA-FIFO 

since it sets the learning rate 

according to SD technique. The 

rest of the graphs (5(b) and 5.4(c)) 

shows that during observations 

loss NMA-EMSD performs better 

than NMA-FIFO which can be 

attributed to the fact that MA-

EMSD reduces the undesired 

contribution of the output error 

using EM strategy which always 

ensures the existence of training 

pairs with smallest output error in 

the store.  

Table 1. Performance Measure for LMS and Normalised Sliding Window 

 
Measure 

 

0.0 

 

0.3 

 

0.6 

 

0.9 

 LMS 

 

Average 5.8072e-004 0.0047 0.0314 0.4496 

Standard 

Deviation 
2.5140e-006 7.7480e-005 3.1168e-004 0.0136 

 

 

LMS-SD 

Average 5.7551e-004 7.1926e-004 0.0013 0.0333 

Standard 
Deviation 

2.1832e-016 1.9043e-005 5.4189e-005 0.0092 

(9)            
 

       
   

   
   

   

   
               

  

             (a) PDP = 0.0                          (b) PDP = 0.6                        (c) PDP = 0.9 

Fig. 4:  NMA-EMSD and NMA-FIFO Performance at Different Settings of PDP 

 

 

 

Algorithm 
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NMA-FIFO 

 

Average 5.7552e-004 0.0046 0.0304 0.4585 

Standard Deviation 5.7917e-009 9.5090e-005 0.0011 0.0065 

NMA-EMSD 

 

 

Average 5.7551e-004 5.8809e-004 6.4976e-004 0.0023 

Standard Deviation 1.6871e-016 4.8600e-006 1.9513e-005 4.3538e-004 

 

Table 1 shows the overall performance of LMS and Normalized sliding window moving average (NMA) methods. It 

can be concluded the best results obtain using LMS with sine decorrelation and NMA with data store management 

techniques 

6 Conclusions 

The research paper look into the feasibility of data store management (DSM) techniques adopted on sliding window 

training methods. By taking into account the correlation effect and observation lost in modeling linear network with 

irregular sample period, a good model representation of the system can be obtained. Future work will look into the 

adopting similar DSM strategy on nonlinear networks [6].  
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Appendix 

A single tank system (Figure A.1), with inlet flow          and outlet flow given               proportional to the 

height,   a constant and the identification problem considered here is the prediction of     given      . 

 

 

 

 

 

 

Fig. A.1: Single Tank System 

  

  
                or                           

The input regressor for the linear network considered here in this paper is set as second order autoregressive moving 

average with exogenous input ARX(2) 
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Abstract. We use feed-forward neural networks to forecast and trade the future index prices of the Standard and 

Poor’s 500 (S&P 500). The effect of training the network with the most recent data, together with gradually sub-

sampled past index data, has been studied in this research. We also study the effect of past NASDAQ 100 data on the 

prediction of future S&P 500. A daily trading strategy has been used, to buy/sell, according to the predicted prices, 

and hence calculate the directional efficiency and the rate of returns for different periods. We are able to obtain 

significantly higher returns compared to earlier work. There are numerous exchange traded funds (ETFs), which 

attempt to replicate the performance of S&P 500 by holding the same stocks in same proportion as the index, and 

therefore, giving the same percentage returns as S&P 500. Therefore, this study can be used to invest in any of the 

various ETFs, which replicates the performance of S&P 500.  

Keywords: S&P 500, NASDAQ, neural networks, sub-sampling, prediction, stock. 

1   Introduction 

Stock prices are highly dynamic and non-linear, which is very hard to model by even the best financial models. Stock 

prices are affected by various factors, such as crude oil prices, exchange rates, interest rates, as well as political and 

economic climate. The information about future stock prices can also be studied merely by its historical prices. With 

globalization and ease of investment in international and national markets, many people are looking towards stock 

markets for profit. There is a high degree of uncertainty in the stock prices, which makes it difficult for investors to 

predict price movements. Hence prediction of stock prices becomes very important for financial analysts as well as the 

general public.  

The Efficient Market Hypothesis (EMH) [1] states that no information can be used to predict the stock market in 

such a way as to earn greater profits from the stock market in an efficient market. There have been studies to show the 

accountability of the EMH [2], but other studies have proven otherwise [3].  Despite of the EMH, there are various 

views that oppose the EMH and support predictability of the stock market.  

Many stock prediction methods have been used by investors and traders, e.g., fundamental analysis [1], technical 

analysis [1], multivariate regression [4], and artificial neural networks (NNs) [4]-[12]. There are two categories of 

prediction systems, i.e., one using the past prices and the other using fundamental data such as exchange rates, gold 

prices, interest rates, etc.. In particular, Rodrigues [6] used a relatively simple NN to predict and trade in the Madrid 

Stock Market Index. It used nine lagged inputs to predict the prices and make a Buy/Sell Decision, although this model 

did not perform well in a bullish market. Chang et al [8] used a NN model based on past prices and were able to obtain 

around 16% of returns per annum by the weekly prediction model, but it failed for daily prediction model.  

2   Our Approach and Experimental Results 

The main focus of the research is to predict future stock index prices, calculate directional efficiency and rate of returns,  

in order to develop a trading system capable of delivering high profit over a long period of time.  

We study one of the most popular indexes, i.e., the Standard and Poor’s 500 (S&P 500). The reason behind choosing 

the S&P 500 is that many exchange traded funds (ETFs) follow the performance of the S&P 500 and an intelligent 

trading system can help investors.  

We focus on daily trading using feedforward NNs. The output of the NN is the next day’s index price. The input to 

the NN is the past S&P 500 index prices, optionally with past NASDAQ 100 index prices. The number of inputs varies 

from 10 day lagged values to 40 day lagged values of the S&P 500 index closing prices. The main source of historical 

index prices is Yahoo Finance. 2 sets of data have been downloaded, i.e., (1) the closing prices of S&P 500 index from 

9 January 1950 to 15 January 2010 and (2) the closing prices of S&P 500 and NASDAQ 100 index from 7 January 

1991 to 15 January 2010. Due to public holidays, there were data missing at various days in the raw time series, which 

had to be adjusted to account for the missing values. A 5-day lagged average was used to fill in the missing data. 
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We train the NN with Levenberg-Marquardt algorithm. The performance measure is the Mean Square Error (MSE) 

function, with the Tan Sigmoid (TANSIG) as the transfer function. The number of hidden layers varies from 1 to 2. The 

number of neurons in the input layer varies from 10 to 40, with search intervals of either 5 or 10 during parameter 

adjustments. The output layer consists of only 1 neuron, i.e., the predicted price on the next working day. The number 

of neurons in the hidden layers depends on the number of neurons in the input layer.  

The raw time series was divided into 3 sets of data, i.e., training, validation and testing data sets. These data sets 

which were in the form of a p*1 matrix was then divided into n*m matrices, which were used for batch training of the 

NN (we use * to denote ―multiply‖ in this paper).   

For the training purpose, if the inputs had p data items, where p = 15040, then this was divided into matrices of size 

n*m which is the input matrix, where n = 10, 15, 20, or 40, and m =15000. This was also divided into matrices of size 

1*m, which would be the target matrix for training purpose. Here n is the number of inputs in the NN, and m is the 

number of training sets in batch training.  

After this, the training parameters were selected for training of the NN. Since the Levenberg-Marquardt training 

algorithm is fast, the number of epochs was limited to 100, so as to prevent over training of the NN. If the number of 

epochs were selected to be more, then this would affect the generalization property of the NN and would lead to 

memorization of the network, which can be disadvantageous in the prediction of future values.  

The validation matrix was created from the raw data, i.e., by creating an n*t matrix, where n = 10, 15, 20 or 40 (same 

as the training data). t can vary according to the number of validations required, in our case, it varied from 200 to 400, 

depending on the size of the training data set. This validation was used for early stopping so as to prevent over-fitting of 

the NN. After the training of the NN, the testing for the trained network was done over different periods of time, 

ranging from 1 year to 2 years, i.e., from 250 to 420 prediction points, and with different market conditions, i.e., before, 

during and after recession conditions. The input test matrix was of the size n*u, where n = 10, 15, 20 or 40 (same as that 

of the training and validation matrix, i.e., the number of inputs) and u varied from 250 to 420, i.e., the number of testing 

sets in the batch.  

The predicted outputs were then used to obtain the directional efficiency and rate of returns for the specified period 

of time. When the predicted price for the next day is less than today’s price, a Sell decision is made. And when the 

predicted price for the next day is more than today’s price, then a Buy decision is made. The Buy/Sell decision is made 

when the trading system shows a change in the trend. Based on these trading rules, the results are calculated over a 

period of time.  

 Further experiments were carried out to study effects of gradual data sub-sampling (GDSS) and effects of past 

NASDAQ 100 data on S&P 500 prediction, in comparison published results obtained with various other techniques.   

In our GDSS, the older the data, the less relevant they will be for predicting the future, and therefore the lower the 

sampling frequency. This technique was applied on the 1st data set, i.e., from January 1950 till April 2008, for the 

purpose of training. Originally there were 15,200 sets of training data, which were reduced to 6,700 sets of training data 

in the following way:  

a) 900 training data points were selected from the 1st 5400 data points. 

b) 2000 training data points were selected from the next 6000 data points. 

c) all remaining 3800 data points were selected. 

This technique ensured that the historical trends are not ignored, and at the same time, the system shows more 

emphasis to the current market situations. 

For this part, the 2 networks with best efficiency from the above research were used to train and test the network for 

the period of testing in various other research papers. The 2 networks which were used are as follows:  

a) A network was used to train with the GDSS technique with 10 lagged values. 

b) A network was used to train with the inclusion of the NASDAQ 100 index, with 10 lagged values each of 

NASDAQ 100 and S&P 500. 

The period of comparison was from January 2004 till December 2004. Our results were compared with the following 

3 sources:  

a) The Trading Solutions [10], an online website for trading solutions software package.  

b) The ―integrating a piecewise linear representation‖ (IPLR) method  [8], which determines trading points 

according to trends in the stock movements, by combining genetic algorithms and NNs.  

     c) Predicting the stock prices using a three artificial NN (3-ANN) system [9], one system each for bullish, bearish 

and choppy markets, respectively.  

The results were as follows: 

 

Table 1 Comparisons of rates of return by various techniques for January – December 2004. The last two results were 

obtained in this paper. 

Technique 

Trading 

Solutions 

[10] 

IPLR 

[8] 

3 – ANN 

System 

[9] 

GDSS Effect of 

NASDAQ  

Rate of 

Return 11% 

35.7% 18.36% 

25.42% 

16.34% 
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The rate of return was the maximum for the IPLR system, followed by our approach of sub-sampling.  We will now 

show rates of returns for our GDSS technique for a number of periods: 

 

Table 2 Rates of returns with our GDSS technique for different periods 

Time of 

Testing 

 

January 2004 – 

December 2004 

April 2008 - 

January 2010 

January 2009 – 

January 2010 

Rate of Return 25.42% 
47.19% 44.05% 

 

Although the rates of return were not very high with our technique of data lessening for the period of January – 

December 2004, but for the period from April 2008 till January 2010, the rate of return was as high as 47.19%, which 

are way above the technique of IPLR for the period of January – December 2004.  

Following if a table of Rate of Returns for the training NN, with the effect of NASDAQ 100. 

 

Table 3 Rates of returns with effect of NASDAQ for different periods 
Time of 

Testing 

 

January 2004 – 

December 2004 

April 2008 - 

January 2010 

January 2009 – 

January 2010 

Rate of 

Return 

16.34% 

34.77% 72.40% 

  

 

Table 4 Training, Validation and Testing of Network with Further Lessening of Data from January 

1991 till January 2010 

  

Period 1 Period 2 

Return 
Value 

Rate of 
Return 

Directional 
Efficiency 

Return 
Value 

Rate of 
Return 

Directional 
Efficiency 

1 10-5-1: 536.65 38.66 56.43 399.06 45.68 55.16 

2 10-7-1: -121.22 -8.73 51.19 97.60 11.17 49.21 

3 10-9-1: 655.17 47.20 57.62 384.83 44.05 54.76 

4 10-15-1: 341.45 24.60 53.33 353.41 40.45 51.19 

5 10-21-1: 556.71 40.46 58.57 310.84 34.37 54.76 

 

 

Table 5 Training, Validation and Testing of Network with the effect of NASDAQ 100 for 

Continuous Data from January 1991 till January 2010 

  

Period 1 Period 2 

Return 
Value 

Rate 
of 
Return 

Directional 
Efficiency 

Return 
Value 

Rate 
of 
Return 

Directional 
Efficiency 

1 20-7-1: 482.80 34.78 57.86 597.48 72.41 59.55 

2 20-11-1: 399.25 28.59 54.29 436.05 57.95 55.06 

3 20-15-1: 280.95 20.24 53.81 446.03 59.28 54.68 

4 20-22-1: 89.67 6.52 53.10 283.53 37.68 54.68 

5 20-30-1: 30.10 2.17 54.05 343.28 45.62 55.06 
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3   Conclusions and Discussions 

The period from January 2004 till December 2004 was of relatively stable markets, where the annual increase in the 

index price was not very high.  But the period from April 2008 till January 2010 included a period of recession where 

there was huge dip in the index prices and a market which was recovering from recession. Therefore, from the analysis 

done, it can be seen that our system was relatively stable and efficient in giving good rate of return in all market 

situations, and high rate of return in special market situations, where there is more movement in the index values. 

Also, the effect of NASDAQ was suitable to give high rate of returns, i.e., around 72.4% returns in good market 

conditions.  
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Abstract. In recent years considerable effort has been carried out to advance the hardware Artificial Neural Networks 

where in most cases, many neurons are placed on a VLSI chip. This research attempts to build individual neurons and 

connect them to build a hybrid of analog and digital neural network. In fact, every neuron is an AVR microcontroller which 

has a number of inputs and outputs. The data transfer between neurons is done by UARTs.  

Keywords: hardware Artificial Neural networks, AVR, UART, RS-232, VLSI, discrete hardware neuron.  

1  Introduction  

Nowadays there are wide varieties of Microcontrollers with different functions which are used for different industrial 

purposes. The AVR was one of the first microcontroller families to use on-chip flash memory for program storage. 

References [1] to [6] contain necessary information on the subject. One of the Microcontroller applications is in 

building Artificial Neural Networks. In most studies in the field of hardware Artificial Neural Networks, the hardware 

has been built as a single VLSI (Very Large Scale Integration) chip where the whole neural network has been designed 

as a unit [6]. The architectures of hardware neural networks allow for fast parallel processing [1]. This research is trying 

to use a number of AVR microcontrollers to build discrete hardware Artificial Neural Networks. The most important 

benefit of such hardware is its flexibility to represent any desired 

Artificial Neural Networks architecture. The AVRs constitute the 

neurons of the hardware. Such neurons need power supply and are 

connected to one another using wire like connections.  

The following sections contain some details about the different parts 

of the hardware and its characteristics. An example problem has 

been placed for better explanation of the capabilities of the hardware. 

2  Neurons description 

To create hardware neurons, two types of AVR microcontrollers 

have been used in this research: AT-Mega 8 and AT-Mega32 as 

shown in figures 1 and 2 respectively. The only difference between 

these two types of neurons is in their number of input ports. Mega32 

series has 32 I/O input or output ports. 15 pins of these ports are used for input. 8 channels of these inputs have an 

analog to digital Convertor ”ADC” and software Input of UART and 7 of the remaining pins have software UART only. 

Mega 8 series has 21 free pins for I/O therefore there are only 6 

inputs for this type of neuron where all the pins support ADC and 

RS-232 inputs. The neurons shown in Figures1 and 2 have some 

common units. All neurons have a programmer port, a reset key, a 

LCD port, 2 outputs, some inputs, a RS-232 connection port and a 

LCD contrast adjustment potentiometer. These units are separately 

marked on the board in black.    

 

 UART (Universal asynchronous receiver/ transmitter) is a type of 

communication method which is commonly used in combination 

with other communication standards such as EIA-RS-232 

(Electronic Industries Association- Recommend standard). Usually a 

UART is a specific (or part of an) integrated circuit used for serial 

communications over a computer and RS-232 is a standard for serial 

Fig. 1. AT-Mega8 Neuron  

Fig. 2. AT-Mega32 Neuron 
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binary single-ended data [7, 8]. It is a two wire asynchrony connection to send and receive data from Micro to Micro, 

PC to Micro or PC to PC [7]. Each neuron has one line of hardware UART and several software UARTs which are 

well-defined in the program of neurons [2]. Another converter is needed to convert the input/output voltage of RS-232 

to PC voltage. By means of this converter all neurons are connected to USB (universal serial bus) or COM port of a 

computer. Although RS-232 and USB are both serial communication standards to connect devices to computers, they 

are totally different in design. There are converter modules that can be successfully used to connect RS-232 devices to 

computers via a USB port. 

 There are two types of neurons since the input neurons are different than the other neurons. An input neuron is 8 

channels (ports) Analog to Digital converter which can convert a DC voltage to a digital value. In fact for these ports 

the input is a variable voltage created by a variable power 

supply. An input neuron has also 7 more channels for digital 

data input using UART software [4].  

All neurons require a +5V power supply and an 8 MHZ internal 

resonator. The activation function defined for the neurons is 

''TANH'' however this function can easily be changeable where 

any arbitrary function can be defined once the Microcontroller 

has been programmed by the user [9, 10].  

3  Starting to Work with a Neuron 

 First a 2*16 LCD character text display should be attached to 

the special port and connected to a +5V power supply with 2 pin 

special communication jack. The first message shown in the 

display is as illustrated in Figure 3. The user must then set the weights which can be done in either of the following two 

ways: 

3.1 Using Computer Key-board 

By pressing the UP Key the neuron becomes connected to the 

PC to set the weights. Figure 4 shows how the Hyper-Terminal 

of Microsoft-Windows XP [10] can easily be used to input the 

value of the weights in several successive steps using the 

computer keyboard. Baud rate of connection in these steps is 

about 9600 bit per second with 8 bit data and 2 stop bit in 

normal mode [7]. 

3.2 Using Keypad 

By pressing the DOWN key it is possible to use the keypad to set the weights of the neuron as shown in Figure 5. Since 

the weight value can be changed in increments, the value of this increment of change should be defined by the user in 

the INCR menu as shown in Figure 6. It should be noticed that the default value of change is 1 but it can be modified to 

either 0.1 or 0.01. Hence by pressing the UP key micro one unit 

of change will be added to the weight and by pressing the 

DOWN key micro one unit will be subtracted from it. Using the 

setting key the weight will be applied to the respective input and 

the weight will be stored in a specific location of an array. 

 

After the weights of a neuron has been specified, the neuron 

reads data from each line of input and stores them as individual 

variables; afterwards it multiplies each input data by its 

corresponding weight and sums them up. Next the activation 

function is applied to obtain the output value which is then 

written to the RS-232 output line and displayed on the LCD in 

two separate lines as shown in Figure 7. This procedure can be 

Fig. 3 The first menu 

Fig. 4 Inputting of weights in Hyper-Terminal of 

Microsoft Windows-XP using Computer Keyboard 

Fig. 5 Input weights using keypad 
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repeated again and again as many times as the user would like to. By pressing the setting keys this procedure stops and 

it will be automatically redirected to the change weight menu. 

4  Network of Neurons 

Figure 8 shows a simple single layer Artificial Neural Network. This is a feed forward network with one hidden layer, 

one linear input and one sigmoid output neuron. All neurons in the hidden layer are of sigmoid type [3]. As mentioned 

before, the only input to this network is a variable voltage which is converted to digital values. Also the connection 

from the output of a neuron to the input of another neuron is applied through the software UART. The properties of 

connections between two microcontrollers (neurons) are similar to the  connections between a micro and a PC where 

the baud rate is 9600 bit per second and so on. Also the weights of the neurons can be modified in a neural network.  

 

 

 

5  Example 

To test the precision of the hardware neural network, an example 

has been designed. To this end, the neural network of Figure 8 has been built and the weights in Table 1 have been 

assigned to the connections. A simple computer program has been written to simulate the neural network numerically. 

Input values between -1.00 to 1.00 and in increments of 0.1 have been fed to the simulated neural network where exact 

output values have been obtained as reported in Table 2 and plotted in Figure 9. The hardware output corresponding to 

each input value and corresponding error have been reported in the table too. The maximum error has been 0.002. A 

plot of the hardware outputs are shown in Figure 9 too for better visualization of precision of the hardware as compared 

to the numerical neural network.  

 

 

Table. 1. Weight of inputs 

Weight 

Number 

Value Weight 

Number 

Value 

w1-1 0.2 w2-1 2 

w1-2 -0.5 w2-2 -2.8 

w1-3 -0.83 w2-3 3.4 

Fig. 6 Weight changing increment menu Fig. 7 Presentation of results on LCD 

Fig. 8 Discrete hardware Neural Network 
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6  Conclusion 

An artificial neural network hardware designed has been designed and 

tested for its feed forward capabilities. It has shown suitable precision 

and capabilities for engineering purposes at this stage of its 

development. The next step would be to develop a suitable analog 

learning procedure for the network.  
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An Exponential Family Extension to Principal Component Analysis

Jun Li and Dacheng Tao

Abstract. Principle Component Analysis (PCA) is an established tool for data analysis, which employs the scheme of rep-
resenting data by matrix factorisation. One concern of PCA and other matrix factorisation based models is the interpretability
of the resulted factors. It has been pointed out that properly designed constraints on the factors can rescue the interpretability.
Appropriately restricted factors can provide different views of the data. However, to implement various constraints in the
factorisation algorithms often poses challenges to researchers and practitioners.
In this paper, we present a unified probabilistic model for constrained factorisation models, which employs exponential
family distributions to represent the constrained factors. Our main objective is to provide a versatile framework, on which
prototype models with various constraints can be implemented effortlessly. For learning the proposed stochastic model,
Gibbs sampling is employed for model inference. We also demonstrate the utility and versatility of the model by experiments.

1 Introduction

Principle Component Analysis (PCA) have proven effective for analysing high dimensional data. PCA use a set of principal
component variables to succinctly represent the observations. The data are stored in a matrix, which is approximated by two
factor matrices of lower rank. One factor matrix contains the values of the principal component variables, and the other consists
of the weights for these variables. This linear factor scheme is also shared by a series of widely used data analysis tools, for
example, independent component analysis (ICA), and canonical component analysis (CCA) [9]. We will refer to these models
as component analysis (CA), which includes PCA.

Classical CA models solve for factors by optimising a particularly designed objective function. PCA [9], for example,
maximises the variance of the latent variables. The numerical objectives have succeeded and proved useful in many areas,
such as signal processing and image representation. However, optimisation towards the numerical heuristics can often lead to
inexplicable factors, and thus it is difficult to associate physical meaning to the resulted representations. This is suboptimal
for tasks such as knowledge discovery.

Recent research [6, 20] shows that the interpretability can be achieved by imposing constraints on the factors. For example,
if both factors are nonnegative, the model can be explained as assembling parts into a whole [10]. Sparsity is another relevant
assumption leading to interpretability and robustness [21]. However, to incorporate various constraints into the optimisation
problem demands considerable practical efforts and often yields difficult algorithmic problems. Therefore, a general treatment
of constrained CA models would be a helpful guideline for designing and evaluating models for new tasks.

In this paper, we propose a unified probabilistic model for constrained factorisation models. In a stochastic perspective, our
model can be considered as an exponential family extension to conventional PCA. In out framework, each factor is modelled
by using a exponential family distribution (EFD), which incorporates various constrains. We will thereafter refer to our model
as exponential family factor PCA, EFFPCA for short. The probabilistic treatment of the factors permits us to discuss the
confidence about the factors, to encode task-specific prior knowledge or to deal with missing values. More importantly, the
probabilistic unification detaches the general model structure and learning method from the specific choice of constraints,
which varies with tasks.

We adopt Gibbs sampling for model inference. The probabilistic structure of CA permits efficient implementation of a
Gibbs sampler [18]. In addition, Gibbs sampling is adaptable to general EFDs. To evaluate a constraint entails only a minor
effort of altering a paradigm algorithm. This would be a boon to designers of prototype models.

In Section 2, we introduce relative work in the literature to EFFPCA. In Section 3, we specify the model in detail and
develop examples of Gibbs samplers. Section 4 demonstrates the proposed model with experiments. Section 5 concludes the
paper.

2 Related Work

Data analysis by segregating integral components is a classical scheme and includes many useful models, e.g. PCA and ICA
[9]. The proposed EFFPCA mainly relates to three groups of developments of CA modes as follows.
Probabilistic component analysis Probabilistic PCA has been proposed to reformulated PCA as finding the maximum likeli-
hood estimate for a generative model [19], where [3] is an extension of a Bayesian model selection. Recently, Markov Chain
Monte Carlo (MCMC) has been considered for probabilistic [16] Probabilistic treatment enriches a model both semantically
and empirically, and thus is employed extensively. More examples are given below. EFFPCA extends existing models in two
aspects: (i) EFFPCA extends the factor model from Gaussian to general EFDs, and (ii) EFFPCA employs an additional layer
of random variables of the factor parameters and allows us to influence the factors via amenable parameters of an EFD.
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Constrained component analysis As mentioned above, heuristic constraints have been introduced to classical CA models
for interpretability [6]. Lee and Seung [10] propose to constrain factors to be nonnegative. Sparsity on each of the factors
is also found useful [21, 15]. Recently, probabilistic models are proposed for the constrained models. Moussaoui et al. [14]
and Schmidt et al. [18] used the gamma and exponential distributions to model nonnegative factors, respectively. Schmidt
[17] applied extra linear constraints to probabilistic NMF, and demonstrated the model for blind source separation. Cemgil
[4] derived probabilistic NMF from a Poisson factor model. Guan and Dy [7] imposed zero-concentrated priors on the factors
for sparsity. Those models employ different density distributions and learning schemes to handle various types of constraints.
EFFPCA unifies the factor models in the form of general EFDs and adopts Bayesian learning.

Generalised component analysis EFDs have been introduced to component analysis by [5] (EPCA). Mohamed et al. [13]
proposes a Beyesian treatment of EPCA. Lee et al. [11] introduces EPCA sparse constraint. The previous models employ
EFDs to link two real-valued factors to the observations, which can be of general types [12, 2]. EFFPCA, on the other hand,
focuses on the factors, which can be constrained to be of non-real-valued forms.

3 Probabilistic Generalised Component Analysis

In this section, we introduce exponential family factor principal component analysis (EFFPCA). After introducing our nota-
tions, we differentiate EFFPCA from related models, followed by details of EFFPCA. We then provide a case study of the
factor model and demonstrate how to apply Gibbs sampling for model inference.

Table 1. Frequently used notations

N number of observations d number of input variables
q number of components
xn the n-th observation, [d × 1] X data matrix, [d × N ]
G component matrix, [d × q] H score matrix, [q × N ]
gj the j-th component vector, [d × 1] hn scores for xn, [q × 1]
W natural parameters of G, [d × q] Y natural parameters of H, [q × N ]

Our notation conventions are as follows. We use boldface Latin letters for matrices and vectors, where uppercase is for
matrices and lowercase for vectors. A vector is a column vector by default. A column of a matrix is denoted by a corresponding
vector, e.g. xn represents the n-th column of X. We consider models approximating the data matrix with factor product:
Factor1 × Factor2 → Data. We refer to the columns of Factor1 as components, and the columns of Factor2 as latent variables.
Table 1 lists frequently used symbols.

X

G H

X

G H

G H

X
X

G H

W Y

(a) (b) (c) (d)

Fig. 1. Diagrams of component analysis models
(a) PPCA, (b) NMF/Sparse PCA, (c) EPCA and (d) EFFPCA (see in text for details). Diamond dot represents deterministic constrained
parameters that are regularised or constrained. The double-line circle in (c) means that Θ is a deterministic function of its parents G and H.
Bold blue arrows indicate CPDs of exponential family.

Figure 1 compares EFFPCA with related models. (a) shows the model of PPCA [19], where both factors are in Euclidean
space. (b) represents deterministic models with particular regularisation or constrains on the factors [10, 21] (c) represents
EPCA [5], which deals with observations of general types by employing EFDs. The subfigure contains an intermediate vari-
able, Θ, for the product of factors. The conditional probability distribution (CPD, i.e. likelihood here) of observations given Θ
is in the form of exponential family (shown in a bold blue arrow). (d) represents EFFPCA, where we adopt exponential family
for CPD of factors given the parameters. Exponential family CPD allows factors of general types. The natural parameters of
the EFDs of the factors constitute an extra layer of random variables in EFFPCA.
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3.1 Model specification

In EFFPCA, each factor follows an EFD. They are specified by their respective natural parameters,

p(G|W) = Expon1(G|W) = exp(G � W)h1(G)g1(W) (1)

p(H|Y) = Expon2(H|Y) = exp(H � Y)h2(H)g2(Y), (2)

where (i) Expon1 and Expon2 represent two EFDs; (ii)� denotes element-wise product; and (iii) h1(G) represent
∏

ij h1(Gij).
The natural parameters follow their respective prior distributions, q(W) and q(Y), for which we can either use a flat prior or
encode task-specific preference on the factors. We will revisit the treatment of W and Y later.

The next step is to specify CPD of the observations given the factors. We adopt Gaussian for the observations,

p(X|G,H) =
N∏

n=1

d∏
i=1

N (Xi,n; [GH]i,n, σ2), (3)

where σ2 is the variance of the noise, and [·]a,b refers to an entry of a matrix. The Gaussian CPD corresponds to the squared
error objective used in the deterministic models [10, 21]. Although squared error may not be always geometrically meaningful,
the CPD is sensible for a CA model: As a likelihood function, it assigns higher probability density to factors that better
reconstruct observations and reaches the maximum for precise reconstruction.

We use the gamma distribution for the prior of σ−2,

p(σ−2|a0, b0) = Γ (σ−2|a0, b0), (4)

where a0 and b0 are the shape and the inverse scale parameter, respectively.
Putting all CPDs and priors together, the joint distribution over variables in EFFPCA is

p(X,G,H,W,Y, σ−2) = p(X|G,H)p(G|W)p(H|Y)q(W)q(Y)p(σ−2)

=
N∏

n=1

d∏
i=1

exp
( − σ−2

2
(Xi,n − [GH]i,n)2

) d∏
i=1

q∏
j=1

[
exp(Gi,jWi,j)h1(Gi,j)g1(Wi,j)q(Wi,j)

]

q∏
j=1

N∏
n=1

[
exp(Hj,nYj,n)h2(Hj,n)g2(Yj,n)q(Yj,n)

]
(σ−2)a0−1 exp(−b0σ

−2)/Z, (5)

where we have expanded (1) and (2), and Z is the constant in the gamma distribution.

3.2 Inference via Gibbs sampling

For inference, we draw samples from the posterior distribution of the hidden variables by Gibbs sampling. To simulate the
joint posterior distribution of all the hidden variables, Gibbs sampling draws in turn a sample for each hidden variable from
the 1-D CPD given all the other variables, and the sample sequence converges to the posterior distribution.

Sampling the factor To sample from the CPD of G i,j , we consider the relevant terms in the joint distribution (5)

p(Gi,j |X,G\(i,j),H,W,Y, σ−2)

∝ exp
{
− σ−2

2

N∑
n=1

(Xi,n −
q∑

k=1

Gi,kHk,n)2
}

exp(Wi,jGi,j)h1(Gi,j)

=N (Gi,j ; μ(t), σ
2
(t))h1(Gi,j), (6)

where the subscriptor \(i,j) represents “except the (i, j)-th element”, and we have

μ(t) =
σ2

(t)

σ2

N∑
n=1

Hj,n(Xi,n − Fi,n) + σ2
(t)Wi,j

σ−2
(t) =σ−2

N∑
n=1

Hj,n
2 , and Fi,n =

q∑
k=1,k �=j

Gi,kHk,n, (7)

where the subscriptor (t) means a temporary variable of the current step of sampling. This is a product of a Gaussian and a
function h1. We will show examples of h1 later, which depends on the specific choice of the exponential family distribution
of factor G. The sampling of Hj,n is analogous to that of Gi,j .
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Sampling the parameter For the CPD of Wi,j , the relevant terms in (5) are

p(Wi,j |X,G,H,W\(i,j),Y, σ−2) ∝ exp(Gi,jWi,j)g1(Wi,j)q(Wi,j), (8)

where similar to the function h1, g1 depends on our choice of the factor distribution of G.

Sampling σ−2 The relevant terms in (5) on σ−2 are

p(σ−2|X,G,H,W,Y) ∝ Γ (σ−2|a, b), (9)

where the parameters of the gamma distribution is a = a0 and b = b0 + 1
2‖X − GH‖2

F , and ‖ · ‖F represents the Frobenius
norm.

3.3 An examples constrained factor model

To clarify and motive the proposed notion of EFFPCA, we provide a case study of implementing a constrained factor model.
In particular, we show how to reproduce the non-negativity constraint in the factors. We will take the model of G i,j and Wi,j

for example. The discussion also applies to the factor model of H and Y.
A factor model can implement the non-negative constraint by adopting the exponential distribution as the density function

[18]. For the inference in EFFPCA, it suffices to specify h1(Gi,j) and the sampling for Wi,j .
To begin with, we check the conventional form of the density function of a exponential distribution

p(Gi,j |λ) = λ exp(−λGi,j), (10)

where we use λ to denote the mean parameter of an EFD, and we have G i,j ≥ 0 and λ ≥ 0.
Then we align the exponential distribution (10) with the canonical form of exponential family distribution, which is used

by EFFPCA. We recapitulate (1) in scalar form for convenient reference

p(Gi,j |Wi,j) = exp(Wi,jGi,j)h1(Gi,j)g1(Wi,j). (11)

The limitation of the domain of the density function in (10) can be assimilated in the support set of the density in canonical
form (11). Then we have

h1(Gi,j) = 1[Gi,j ≥ 0], (12)

where 1[C] represents logical test, it gives 1 when C holds, and 0 otherwise. Therefore the density, from which we sample
Gi,j , is a truncated Gaussian.

For sampling Wi,j , we first generate a sample of λ. The conjugate prior for λ is the gamma distribution, which gives the
posterior of λ

p(λ|Gi,j) = Γ (λ|β0 + 1, β1 + Gi,j), (13)

where (β0, β1) are the hyper-parameters. Given Gi,j , we draw a sample of λ from (13). The canonical link is

Wi,j = −λ, (14)

which transforms the posterior samples of λ to those of W i,j .

4 Experiment

Decomposition of handwritten digit images In this experiment, we use the data of the USPS handwritten digits [8] and equip
EFFPCA with two exponential distribution factor models for nonnegative analysis. The digit images are vectors of 256 pixel
intensities in [0, 1]. We take 50 images of each digit and make a training set of 500 images.

Figure 2 shows the components obtained by three models on the two training sets. The tested models are PCA, nonnegative
matrix factorisation (NMF) [10], and probabilistic NMF. For the probabilistic NMF, we instantiate our general framework of
EFFPCA. We specialise EFFPCA by choosing the exponential distribution as the factor model. Exponential distribution is
supported only over the nonnegative values, thus it imposes the constraint in a naturally stochastic manner.

As illustrated by the figure, the special case of EFFPCA reproduces the part-based decomposition of the images of the
digits. The resulted components resemble those given by NMF and are more interpretable than the results of PCA.
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Fig. 2. Nonnegative decomposition of handwritten digits

 

(PCA) probabilistic component analysis, (NMF) nonnegative matrix factorisation, (PNMF) probabilistic NMF. 8 most weighted compo-
nents of the models are shown, which is implemented by using exponential distribution in the factor models in EFFPCA.

(a)

(b)

(c)

≈ + + + + +
× × × × × ×

3.1972 2.5429 1.5605 1.5095 1.1571 1.0692

Fig. 3. Inference of the missing values in face images

Left: Nonnegative reconstruction of the faces. (a) data with missing values; (b) recovered images by probabilistic NMF, PSNR: 16.49 dB;
(c) true data. Right: reconstruction by combining PNMF components, where the coefficients is shown under each component.

Inference of missing values In this experiment, we infer missing values in face images. We include only 3 complete samples
from the Yale face dataset [1] and let all missing values happen at the same positions taking 50% area of an image (see Fig.
3(left, a)). We apply probabilistic NMF on the data. The nonnegative constraint results components that resemble meaningful
parts of the faces. From those components, our probabilistic model infers the missing part of the images. The figure also
illustrates the details of combining these parts into a facial image.

5 Conclusion

In this paper, we develop a probabilistic model for component analysis with general constrained factors. The unified treatment
to different types of constraints is achieved by representing the factors with exponential family distributions. We employ Gibbs
sampling for the model inference, and exemplify the method with an example of exponential distribution that corresponds to
the nonnegative constraint.
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Left: Nonnegative reconstruction of the faces. (a) data with missing values; (b) recovered images by probabilistic NMF, PSNR: 16 .49 dB;

(c) true data. Right: reconstruction by combining PNMF components, where the coefficients is shown under each component.

Inference of missing values In this experiment, we infer missing values in face images. We include only 3 complete samples

from the Yale face dataset [1] and let all missing values happen at the same positions taking 5 0 % area of an image (see Fig.

3(left, a)). We apply probabilistic NMF on the data. The nonnegative constraint results components that resemble meaningful

parts of the faces. From those components, our probabilistic model infers the missing part of the images. The figure also

illustrates the details of combining these parts into a facial image.

5 Conclusion

In this paper, we develop a probabilistic model for component analysis with general constrained factors. The unified treatment

to different types of constraints is achieved by representing the factors with exponential family distributions. We employ Gibbs

sampling for the model inference, and exemplify the method with an example of exponential distribution that corresponds to

the nonnegative constraint.
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A New Iterative Identification Scheme for Hammerstein Systems
with Support Vector Machine Based on Biconvex Optimization

Guoqi Li1, Changyun Wen1 and Wei Xing Zheng2

1School of Electrical and Electronic Engineering, Nanyang Technological University, Singapore; 2School of Computing
and Mathematics, University of Western Sydney, Australia.

Abstract. In this paper, we propose a new iterative algorithm using support vector machine (SVM) to
identify Hammerstein systems based on biconvex optimization. The linear part of the system is allowed
to be an infinite impulse response (IIR) system and the nonlinear static functions is a Borel measurable
function including saturation nonlinearity, deadzone nonlinearity, quantization nonlinearity and signum
nonlinearity. The algorithm is obtained by iteratively finding the minimum of a biconvex cost function.
It is proved that under certain conditions the estimates generated from the algorithm converge to true
parameters, which correspond to the global minimization of the cost function.

Keywords: System identification, parameter estimation, iterative algorithm, Hammerstein systems, kernel
machine, biconvex optimization, trust region algorithm.

1 Introduction

Hammerstein system is one of the most well known and widely implemented members of this class with the
nonlinear static function preceding the linear dynamic system.

Existing techniques in identifying Hammerstein systems mainly include over parametrization methods [1]
and nonparametric methods [2]. To the best of our knowledge, the global convergence property is obtained
mainly for smooth nonlinear functions and finite impulse response (FIR) systems by using these methods.
When the nonlinear functions are non-smooth, nonparametric approaches were proposed to deal with them, see
for examples in [2]-[3]. However, the convergence of these schemes is still unknown and remains open. In [4],
FIR systems are extended to infinite impulse response (IIR) systems with global convergence presented when
the nonlinear functions are odd. When the nonlinearity is saturation or preload, the linear system needs to be
FIR in order to guarantee convergence, under the assumption that the nonlinearity can be expressed as the
sum of some known odd functions with unknown coefficients. In [5], a neural network model was employed for
identification. This method is based on local optimization and hence a proper choice of initial weights is required.
The iterative algorithm was proposed to identify Hammerstein systems in [6]. However, its convergence needs
proper initialization [7].

In this paper, we first represent the nonlinear function by a support vector machine and transform the system
model to an approximate form for identification. Then, we propose a biconvex cost function for our identification
criterion. The optimality of the non-convex cost function is achieved by minimizing two sub-convex cost functions
iteratively based on ideas from biconvex optimization [8], which results in a new iterative method to identify
Hammerstein models. With this method, the parameters in the linear system and the nonlinear static function
are estimated. It is shown that under certain conditions the estimates generated from the algorithm converge to
true parameters, which correspond to the global minimization of the cost function. This convergence is achieved
when the value of the cost function approaches its lower bound.

2 System model

The class of Hammerstein systems is represented by the following equations

yk = a∗1yk−1 + ... + a∗nyk−n + b∗0f
∗(uk) + ... + b∗mf∗(uk−m) + vk (1)

where vk denotes noise, a∗1, ..., a
∗
n, b∗0, ..., b

∗
m are true parameters in the linear dynamic system and f∗(·) is a

nonlinear static function. The available input-output data are {uk, yk}l
k=r and we assume that y1 = ... = yr−1 =

0, where r = max(n,m)+1. Our objective is to estimate the nonlinear static function f∗(·) and the parameters
a∗1, ..., a

∗
n, b∗0, ..., b

∗
m, in the linear system. System (1) is rewritten as

Y = Φc + v (2)
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where Y = [y1, ..., yl]
′
, c = [a∗1, ..., a

∗
n b∗0, ..., b

∗
m]′ and v = [vk, ..., vl]′, superscript ′ denotes the transpose of a

matrix, and

Φ =




g−1(yr−1) . . . g−1(yr−n) f(ur) . . . f(ur−m)
...

...
...

...
...

...
g−1(yl−1) . . . g−1(yl−n) f(ul) . . . f(ul−m)


 (3)

Assumption 1 Input uk ∈ U(−1, 1) denotes uniform distribution. Noise vk is an i.i.d variable with zero mean
and bounded variance, i.e., E(vk) = 0 and V ar(vk) = σ2

v.

Assumption 2 Integers n and m are known and function f∗ is any Borel measurable function that makes Φ
in (3) be of full rank with given inputs and outputs.

3 Model Transformation and Identification

3.1 Kernel Machine for Function Approximation

A proper representation of a nonlinear static function with a kernel machine (support vector machine) has
been widely used, see for example [9]. Let (ui, yi)l

i=1 ⊂ RC × R denote the random inputs and the output of
the function, where C denotes the dimension of ui. Assume that the set of support vectors is a subset of the
training samples denoted as SV = (ũj , ỹj)msv

j=1 ⊂ (ui, yi)l
i=1, where msv is the label of the set of support vectors.

A regression based on kernel machine is used to approximate function yi = f∗(ti) as

f∗(ti) =
∑msv

j=1 γjk(ti, ũj) + γ0 + εi (4)

where γj is a weight to be determined from the training set and γ0 is the constant part, k(ti, ũj) = exp (−(ti − ũj)2/σ2)
is a Gaussian kernel function with σ2 being a parameter of the kernel function, εi is the function approximation
error at ti. We have the following matrix form

Y = Kγ + ε (5)

where ε = [ε1, ..., εl]
′
, γ = [γ0, ..., γmsv

]′, K = [e′1 Ksv], e′1 = [1 ... 1]′ and

Ksv = [k(ui, uj)]
i=l,j=msv

i=1,j=1 =




k(u1, ũ1) ... k(u1, ũmsv
)

... ...
...

k(ul, ũ1) ... k(ul, ũmsv
)


 (6)

K is constructed to be a full rank matrix based on input sequence {ui}l
i=1 and the set of support vectors

{ũj}msv
j=1 . Normally, a support vector sequence can be chosen randomly from the input sequence. The dimension

l is the number of training samples.

Assumption 3 The approximation error εi is dependent on l, i.e., σ2
ε = σ2

ε(l) and liml→∞ σ2
ε(l) → 0.

3.2 Model Transformation

For convenience, we denote [z1 z2 . . . zl]
′

= {zk}l
k=1 as a column vector. Based on the kernel machine for

function approximation in the previous section, we have

{zk}l
k=1 = {f∗(uk)}l

k=1 = Kγ∗ + ε (7)

where γ∗ is the optimal weight that minimizes the square error ε′ε. We also have

{zk}l
k=r = {f∗(uk)}l

k=r = K0γ
∗ + {εk}l

k=r
...

{zk−m}l
k=r = {f∗(uk−m)}l

k=r = Kmγ∗ + {εk}l−m
k=r−m

(8)

where Ki = K(r−i−→l−i), i = 0, 1, . . . , m. The symbol r− i → l− i means that Ki is a sub-matrix of K with its
jth row being the (r − j)th row of K, for j = 1, ..., l− r − 1. The dimension of Ki is (l− r + 1)× lsv. Thus (5)
is rewritten as

Y = Ga∗ + b∗0K0γ
∗ + . . . + b∗mKmγ∗ + e + v

= Ga∗ + Hγ∗ + e + v
= Ga∗ + W ∗b∗ + e + v
= P ∗c∗ + v

(9)
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where

Y = [yr, yr+1, ..., yl]
′
,H = b0K0 + . . . + bmKm, G =




yr−1 . . . yr−n

...
...

...
yl−1 . . . yl−n




a∗ = [a∗1, . . . , a
∗
n]
′
, b∗ = [b∗0, . . . , b

∗
m]

′
,W ∗ = [K0γ

∗ . . . Kmγ∗]

P ∗ = [G W ∗], c∗ =
[

a∗

b∗

]
, e =

∑m
i=0 bi{ε}l−i

k=r−i, v = {vk}l
k=r

(10)

In order to obtain the estimates of true parameters a∗, b∗ and γ∗, denote as â, b̂ and γ̂, we need to minimize
the least square cost function

{â, b̂, γ̂} = arg mina,b,γ Fl(a, b, r) = arg mina,b,γ
1
l (Y − Ŷ )

′
(Y − Ŷ ) (11)

where Ŷ = Ga + (b0K0 + . . . + bmKm)γ. Then, the identification of Hammerstein systems (1) is transformed to
the following constrained minimization problem.

Fl(a, b, γ) = 1
l ‖Y − (b0K0 + . . . + bmKm)γ −Ga + e + v‖2

= 1
l ‖W ∗b∗ −Wb + G(a∗ − a) + e + v‖2 (12)

where W = [K0γ . . . Kmγ]. When l → ∞, Fl(a, b, γ) → F (a, b, γ). By substituting γ̂ into (4), the estimated
nonlinear static function is obtained as

f̂(u) =
∑

j γ̂jk(u, uj) (13)

Assumption 4 G, W and W ∗ are independent of each other and all the components are zero mean and
independent random variable with finite variance.

Lemma 1. Under Assumption 4, the cost function F (a, b, γ) approaches its lower bound σ2
v as l → ∞, i.e.,

liml→∞ Fl(a, b, γ) = σ2
v if and only if a = a∗, b = ρb∗, where ρ is a positive constant.

Proof. From Assumptions 1 and 4, the noise vk and the approximation error εi are i.i.d random sequences
with zero mean and finite variances σ2

v , σ2
ε , respectively. Then, from (10), we have Var(e) =

∑
b∗i

2σ2
ε . Let l →∞,

the cost function in (12) becomes

F (a, b, γ) = liml→∞ 1
l

∥∥∥∥[G W ∗ ]
[

a∗

b∗

]
− [G W ]

[
a
b

]∥∥∥∥
2

+
∑

b∗i
2σ2

ε(l) + σ2
v (14)

From Assumption 4, we note that liml→∞
∑

b2
i σ

2
ε(l) → 0. Then, F (a, b, γ) attains its lower bound σ2

v if and
only if

[G W ]
[

a
b

]
= [ G W ∗ ]

[
a∗

b∗

]
(15)

As G and W ∗, G and W are assumed to be independent of each other in Assumption 4, we have Ga = Ga∗,
Wb = W ∗b∗, i.e.,

G′Ga = G′Ga∗, W ′Wb = W ′W ∗b∗ (16)

Again under Assumption 4, the component of W is an i.i.d variable with zero mean and variance denoted as
σ2

w. When l → ∞, 1
l W

′W = diag(σ2
w, σ2

w, ..., σ2
w). In order to guarantee (16), W ′W ∗ must also be a diagonal

matrix:
1
l W

′W ∗ = diag(σ2
w∗, σ

2
w∗, ..., σ

2
w∗) (17)

From the above analysis, (15) is equivalent to

a = (G
′
G)−1G′Ga∗ = G+Ga∗ = a∗, b = σ2

w

σ2
w∗

b∗ = ρb∗ (18)

where the superscript ”+” denotes the Moore-Penrose inverse of a matrix. ¤

Assumption 5 Assume that ‖b∗‖ = B, where B is a given constant.
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3.3 Biconvex Optimization

The Hessian matrix of HF of F (.) in (12) may not be positive definite. Thus, the problem (12) is not a convex
optimization. However, it is a biconvex optimization [8] with respect to c = [a′ b′]′ and γ as the cost function
can be divided into the following two sub-convex models.

Sub-model 1: Optimization with respect to γ

When c = [a′ b′]′ is considered to be fixed, which means that G and H are fixed, then minimizing cost
function in (12) becomes minimizing the cost function

F (·, ·, γ) = ((Y −Ga)−Hγ)
′
((Y −Ga)−Hγ) (19)

Sub-model 2: Optimization with respect to c

Now γ is fixed , cost function (12) becomes

F (a, b, ·) = (Y − [G W ]
[

a
b

]
)
′
(Y − [G W ]

[
a
b

]
) = (Y − Pc)

′
(Y − Pc) (20)

Lemma 2. Cost function in (12) is biconvex, i.e., sub-model 1 and sub-model 2 are convex.

Proof. As d2F
dγ2 = 2H

′
H ≥ 0 and d2F

dc2 = 2P
′
P ≥ 0, Lemma 2 holds. ¤

From Lemma 2, we can easily get the optimal estimate of γ denoted as γ̂ in sub-model 1:

γ̂ = H+(Y −Ga) (21)

and the optimal estimate of c denoted as ĉ in sub-model 2:

ĉ = [â′ b̂′]′ = P+(Y ) (22)

The following two lemmas show that after rotation transformation and parallel transformation, sub-model 1
and sub-model 2 do not change their convexity, which is very important to the analysis to be made in Section
5.

Define a rotation transformation as
[

c̃
γ̃

]
=

[
M11 M12

M21 M22

] [
c
γ

]
= M

[
c
γ

]
(23)

where M is a rotation matrix and Mij , i, j = 1, 2 denote its sub-matrices. As the inner product of two vectors
v1 and v2 remains the same after rotation, we have (v1, v2) = (Mv1,Mv2) = M

′
M(v1, v2) and M

′
M = I.

Lemma 3. After the rotation transformation defined in (23), sub-model 1 and sub-model 2 are still convex.

Proof. Assume that [c̃′ γ̃
′]′ is the coordinate rotated from [c′ γ

′]′ . We have

[c̃′ γ̃
′]′ =

[
c
γ

]
=

[
M

′
11 M

′
12

M
′
21 M

′
22

] [
c̃
γ̃

]
(24)

Based on matrix differential theory, we have

∂F
∂c̃ = ∂c

∂c̃
∂F
∂c + ∂γ

∂c̃
∂F
∂γ , ∂F

∂γ̃ = ∂c
∂γ̃

∂F
∂c + ∂γ

∂γ̃
∂F
∂γ

∂2F
∂c̃2 = (∂c

∂c̃ )
′ ∂c
∂c̃

∂2F
∂c2 + ∂2c

∂c̃2
∂F
∂c + (∂γ

∂c̃ )
′ ∂γ

∂c
∂2F
∂γ2 + ∂2γ

∂c̃2
∂F
∂γ

∂2F
∂γ2 = ( ∂c

∂γ̃ )
′ ∂c
∂γ̃

∂2F
∂c2 + ∂2c

∂γ̃2
∂F
∂c + (∂γ

∂γ̃ )
′ ∂γ
∂γ̃

∂2F
∂γ2 + ∂2γ

∂γ̃2
∂F
∂γ

(25)

And from (24), ∂c
∂c̃ = M11,

∂γ
∂c̃ = M21,

∂c
∂γ̃ = M12,

∂γ
∂γ̃ = M22,

∂2c
∂c̃2 = 0, ∂2γ

∂c̃2 = 0, we have ∂2F
∂c̃2 = 2M

′
11M11P

′
P +

2M
′
21M21H

′
H, ∂2F

∂γ̃2 = 2M
′
12M12P

′
P + 2M

′
22M22H

′
H. Thus, Lemma 3 holds. ¤

Lemma 4. Define parallel transformations as c̃ = c− c0, γ̃ = γ − γ0. After parallel transformation, sub-model
1 and sub-model 2 are still convex programmes.

Proof. As ∂c
∂c̃ = I, ∂γ

∂c̃ = 0, ∂c
∂γ̃ = 0, ∂γ

∂γ̃ = I, ∂2c
∂c̃2 = 0, ∂2γ

∂c̃2 = 0 We have ∂2F
∂c̃2 = 2P

′
P and ∂2F

∂γ̃2 = 2H
′
H.

Then, Lemma 4 holds. ¤
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3.4 An Iterative Algorithm

In this subsection, we propose an algorithm to solve the optimization problem in the model (12) based on two
sub-models given in (19) and (20) iteratively. Let k denote the k-th iteration. The algorithm is stated as follows:

Step 0: k = 0 (Initialization). For a given arbitrary initial value â(0) and b̂(0), from (19) and (21), we obtain
H(0) = b̂0(0)K0 + . . . + b̂m(0)Km, γ̂(0) = H(0)+(Y −Gâ(0)), P (0) = [G K0γ̂(0) ... Kmγ̂(0) ].

Step k: k-th iteration (k = 1, 2, ...). Based on (20) and (22), we obtain [â′(k) b̂′(k)]′ = P (k − 1)+(Y ),
b̂(k) = Bb̂(k)/||b̂(k)||, H(k) = b̂0(k)K0 + . . . + b̂m(n)Km, γ̂(k) = H(k − 1)+(Y − Gâ(k − 1)) and P (k) =
[G K0γ̂(k) . . . Kmγ̂(k) ].

Replace k by k + 1 and repeat the process.
Note that b̂(k) = Bb̂(k)/||b̂(k)|| is to restrict the norm ‖b̂(k)‖ = B at each step k. Also note that the

iterative algorithm leads to a partial optimal solution, denoted as (â, b̂, γ̂). In addition, if the Hessian matrix
HF is positive definite, it is a local minimum. If (â, b̂, γ̂) is a partial optimum but not a local optimum, we use
the trust region algorithm [10] to drag it away along with a descent direction of the cost function. We then
obtain â(k+1), b̂(k+1) and continue the iterative process. Finally, the obtained (â, b̂, γ̂), which are the estimates
of a∗, b∗, γ∗, must be a local minimum point of the cost function in (12).

4 Existence and Uniqueness analysis

In Section 3, we iteratively obtain the optimal solution of model (12) based on the two sub-models. We now
prove the uniqueness of the local minimum point which is also the global minimum point of F in (12) under
the condition that ||b∗|| = B.

Theorem 1. In model (12), the local minimum of cost function F (c, γ) is a global minimum point.

Proof. Assume that there are two local minimums (c1, γ1) and (c2, γ2). To show the result, we first do the
following parallel translation, c̃ = c− c1, γ̃ = γ− γ1. That is, we move the origin to (c1, γ1) in a new coordinate
system and get F (c̃, γ̃). The two local minimums are now (0, 0) and (c̃2, γ̃2) = (c2− c1, γ2−γ1). Then, we rotate

the curved surface at the origin:
[

c′′

r′′

]
=

[
M11 M12

M21 M22

] [
c̃
r̃

]
= M

[
c̃
r̃

]
such that c

′′
2 = 0, where M

′
M = I. The

function becomes F (c′′, γ′′). Now the two local minimums are (0, 0) and (c
′′
2 , γ

′′
2 ) = (0, γ

′′
2 ).

From Lemmas 3 and 4, parallel translation and rotation transformation do not change the biconvexity of
the function. As F (0, γ′′) is a convex function, the local minimum point of F (0, γ′′) is thus its global minimum
point. Then F (0, 0) = F (0, γ′′2 ), which implies that either c1 = c2, γ1 = γ2 or all the points on the line segment
that joins (c1, γ1) and (c2, γ2) are global minimum points and the values of the cost function at these points are
the same. ¤

Theorem 2. When l → ∞, the estimates of the proposed iterative algorithm approach their true values, i.e.,
â → a∗ and b̂ → b∗.

Proof. Note that (â, b̂, γ̂) is a local minimum of F given in (12). In addition, it is a global minimum point
as proved in Theorem 1. Thus, when l → ∞, F attains its lower bound given in Lemma 1. Therefore â → a∗

and b̂ → ρb∗. Based on Assumption 5, we have â → a∗ and b̂ → b∗. ¤

5 Simulation Results

In this section, we use a numerical example to illustrate the performance of our proposed scheme. The kernel is
chosen to be Gaussian kernel k(x, y) = e−(x−y)2/σ2

and the norm of b is fixed to be ||b∗||1 = 2. Also we choose
l = 350 and the Gaussian kernel parameter σ = 0.05. The Hammerstein model we considered is given by

yk = 0.3yk−1 + 0.2yk−2 + 0.1yk−3 − 0.1yk−4 + 0.9f∗(uk)
−0.4f∗(uk−1)− 0.3f∗(uk−2) + 0.4f∗(uk−3) + vk

vk ∼ N(0.0.05), f∗(u) =
{

1 if u > 0
−1 if u < 0

The true parameters are a∗ = [0.3 0.2 0.1 − 0.1]′ and b∗ = [0.9 − 0.4 − 0.3 0.4]′. The estimates of
the parameters in the linear sub-system are obtained iteratively as sketched in Figure 1. Note that the initial
values of the estimates are given arbitrarily. The obtained estimates are â = [0.2993 0.1978 0.1031 − 0.0983]′

and b̂ = [0.9032 − 0.4003 − 0.2990 0.3982]′. It is observed that the estimates converge to the above obtained
parameters in a few iterations.
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Fig. 1. Iteration process of estimating a1, ..., a4, b0, ..., b3

6 Conclusion

In this paper, we have proposed a new iterative algorithm by using SVM based on biconvex optimization to
identify a class of Hammerstein systems. The convergence property of the estimates has been established for the
case that the linear part is an IIR system. Compared with the class of nonlinear static functions with similar
approaches such as [1], our scheme can also allow static functions to be extended to Borel measurable functions.
Such functions include saturation nonlinearity, deadzone nonlinearity, quantization nonlinearity and so on.
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Abstract. The variational Bayes learning is widely used, because it provides both computational tractabil-
ity and good generalization performance. However its theoretical properties, for example, the effect of
hyperparameters to the learning result, has not yet been clarified. In this paper, we prove the asymptotic
behavior of the variational free energy in a Bernoulli mixture model and show that the variational posterior
distribution has phase transition according to the hyperparameters. We also discuss the design method of
hyperparameters based on theoretical foundation.

1 Introduction

A multivariate Bernoulli mixture model is applied to image analysis, text classification, and discrete data
clustering [7, 8]. Among of its training algorithms, the variational Bayes (VB) learning was proposed as the
variational optimization or the mean field approximation of the joint distribution of parameters and hidden
variables [1–3]. Although the VB learning has been successfully applied to many real-world data analysis, its
theoretical property has been left unknown.

Recently the asymptotic variational free energy has been studied in case of mixture of the exponential
families, and it was reported that its upper and lower bounds are given by the non-smooth function of the
hyperparameter of the prior distribution for the mixing ratio, which indicates the phase transition occurs [4–6].
In the neighborhood of the phase transition, the posterior distribution changes drastically, hence we need to use
the appropriate hyperparameter according to the purpose of application [10].

In this paper, we prove the asymptotic behavior of the vatiational Bayes free energy in a Bernoulli mixture
model, and clarify the phase transition structure for two hyperparameters of both the mixing ratio and Bernoulli
distribution. These theoretical results will be useful to make the design method of hyperparameters in a Bernoulli
mixture.

2 Bernoulli mixuture

In this section, we introduce a Bernoulli mixture and its a priori distribution. Let x = (x1, · · · , xM )T be an M
dimensional binary datum, xi = 0, 1, and µ = (µ1, · · · , µM )T be a parameter which satisfies 0 ≤ µi ≤ 1. The
Bernoulli distribution is defined by

B(x|µ) =
M∏

i=1

µxi
i (1− µi)(1−xi),

which is equivalent to xi = 0, 1 with probabilities µi, 1− µi respectively. The Bernoulli mixture is defined by

p(x|π,µ) =
K∑

k=1

πkB(x|µk), (1)

where π = (π1, π2, ..., πK) denotes the mixture ratio of {B(x|µk)} and K is the number of components. Note
that πi ≥ 0 and π1 +π2 + · · ·+πK = 1. The set of hidden variables is introduced as a K dimensional competitive
vector z = (z1, z2, ..., zK), where only one of zk is equal to one and the others are zero. Then the simultaneous
distribution of (x,z) is

p(x,z|π,µ) =
K∏

k=1

(
πkB(x|µk)

)zk

. (2)

35

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems



Moreover
∑

z p(x,z|π,µ) = p(x|π,µ). In variational Bayes learning, the conjugate prior distributions are
employed for the a priori distributions. The Dirichlet and Beta distributions are respectively defined by

Dir(π|a) =
Γ (

∑
k ak)∏

k Γ (ak)

K∏

k

πak−1
k , (3)

Beta(µ) =
(

Γ (b1 + b2)
Γ (b1)Γ (b2)

µb1−1(1− µ)b2−1

)
, (4)

where a = (a1, a2, ..., aK) and b = (b1, b2) are sets of constants. In this paper, we study the case when the prior
distributions of π and µ are prepared respectively by

p(π) = Dir(π|a, a, ..., a), p(µ) =
K∏

k=1

M∏
m=1

Beta(µkm|b, b), (5)

where a > 0 and b > 0 are hyperparameters. Let N be the number of training samples and X = {x1, · · · ,xN}
be the set of all training samples. The set of all corresponding hidden variables is denoted by Z = {z1, · · · ,zN}.
Then the distribution of X and Z for given parameters π and µ is given by

p(X,Z|π,µ) =
N∏

n=1

K∏

k=1

(
πk

M∏
m=1

µxnm

km (1− µkm)(1−xnm)

)znk

. (6)

The simultaneous distribution of (X,Z,π,µ) is

p(X,Z,π,µ) = p(X,Z|π,µ)p(π)p(µ).

The Bayes free energy or the negative log marginal likelihood is defined by

F (X) = − log
{∫

dπ

∫
dµ

∑

Z

p(X,Z,π,µ)
}

,

which is a function of hyperparamaters (a, b). In Bayes learning theory, F (X) is important because it is equal
to the likelihood of the statistical model.

3 Variational Bayes algorithm

In this section, we explain the well-known variational Bayes learning. Let θ = (π,µ) be the set of parameters.
For an arbitrary probability distribution q(Z,θ), its functional is defined by

F̄ [q(Z,θ)] =
∑

Z

∫
q(Z,θ) log

q(Z,θ)
p(X,Z,θ)

dθ.

It follows that
F̄ [q(Z,θ)] = F (X) + KL(q(Z,θ)‖p(Z,θ|X)), (7)

where KL(·‖·) is the Kullback-Leibler divergence. In variational Bayes approximation, the trial distribution
q(Z,θ) is optimized by the minimization of F̄ [q(Z,θ)] under the condition that

q(Z,θ) = q1(Z)q2(θ).

By using variational method, it is derived that the optimal distributions satisfy

log q1(Z) = Eq2 [log p(X,Z,θ)] + C1, (8)

log q2(θ) = Eq1 [log p(X,Z,θ)] + C2, (9)

where C1, C2 are the normalization constants. Also it is shown that the optimal distribution q2(θ) can be
parameterized by α = {αk} and {ηkm, η′km},

q2(θ) = Dir(π|α)
K∏

k=1

M∏
m=1

Beta(µkm|ηkm, η′km),

and that the recursive procedures are derived from eq.(8), eq.(9).
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VB e-step

log ρnk = ψ(αk)− ψ

(
K∑

k

αk

)

+
M∑

m=1

(xnmψ(ηkm)− xnmψ(η′km) + ψ(η′km)− ψ(ηkm + η′km)) ,

rnk =
ρnk∑K

k=1 ρnk

.

VB m-step

Nk =
N∑

n=1

rnk, νkm =
N∑

n=1

rnkxnm, ν′km =
N∑

n=1

rnk(1− xnm),

αk = α + Nk, ηkm = b + νkm, η′km = b + ν′km. .

Here ψ denotes the digamma distribution ψ(t) ≡ Γ ′(t)/Γ (t). At last,

F̄ (X) ≡ min
q1,q2

F̄ [q(Z,θ)]

is called the variational Bayes (VB) free energy. It is a function of hyperparameters (a, b). The numerical value
of VB free energy can be obtained by the above recursive calculations, which is applied to the variational model
evaulation. However, its theoretical behavior has been left unknown.

4 Main Results

In this section, we show the theoretical behavior of the VB free energy F̄ (X) of the Bernoulli mixture.
In practical applications, the true distribution is unknown, hence the appropriate number of components is

also unknown. If the true distribution can not be realized by the statistical model, then F̄ (X) is very large.
Therefore, in order to make a theoretical foundation for statistical model evaluation, we have to study the case
when the true distribution is realizable by statistical model. However, the Bernoulli mixture is a nonidentifiable
and singular statistical model, resulting that its VB free energy has not been clarified. To describe the main
theorem, we need the assumption and condition.

Assumption (A) . Let 0 ≤ K∗
1 ≤ K∗

0 ≤ K. The true distribution from which training samples are taken
is the model p(x|θ∗) represented by the minimum number K∗

0 of components and the parameter is given by
θ∗ = {π∗,µ∗1, · · · ,µ∗K∗

0
}

p(x|θ∗) =
K∗

0∑

k=1

π∗kB(x|µ∗k) (10)

where

0 < µkm < 1 (1 ≤ k ≤ K∗
1 ),

µkm = 0 or 1 (K∗
1 + 1 ≤ k ≤ K∗

0 ).

We use a notation ∆K∗ = K∗
0 −K∗

1 .

Since the Bernoulli mixture is a nonidentifiable, the mapping from the parameter to the probability distri-
bution is not one-to-one. We assume the following condition that the estimated distribution converges to the
true distribution when N tends to infinity.

Consistency Condition (C). Let Θ0 be the set of true parameters

Θ0 = {θ ; p(x|θ) = p(x|θ∗)}.
The empirical probabilities are defined by

Pk ≡ Nk

N
, pkm ≡ νkm

N
, p′km ≡ ν′km

N
.

Then the distance between xθ̂ ≡ {Pk, pkm, p′km} and Θ0 converges to zero in probability.

In this paper, we adopt the assumption (A) and the condition (C), and prove the following theorems.
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Theorem 1 Assume (A) and (C). Let K0 be the number of components which satisfy Pk > 0 and K1 the
number of components which satisfy 0 < pkm, p′km < 1. Then

F̄ (X)−NS(X)

=
((

M + 1
2

− a

)
K1 +

(
1
2
− a + Mb

)
∆K + Ka− 1

2

)
log N + O(1),

where ∆K = K0 −K1 and S(X) = − 1
N

∑N
n=1 log p(xn|θ∗).

In this theorem, K0 and K1 are random variables which are determined by the minimization of the VB free
energy. The components of K1 and ∆K are referred to as “nondeterministic” and “deterministic”, respectively.
Outline of the proof of Theorem 1 is shown in Appendix. The following theorem claims that they are essentially
determined by the hyperparameters.

Theorem 2 Assume (A) and (C). The random variables K0 and K1 are determined as follows.

1. If M+1
2 − a > 0, 1

2 − a + Mb > 0. Then K1 = K∗
1 , ∆K = ∆K∗.

2. If M+1
2 − a > 0, 1

2 − a + Mb < 0. Then K1 = K∗
1 , ∆K = K −K∗

1 .
3. If M+1

2 − a < 0, 1
2 − a + Mb > 0. Then K1 = K −∆K∗, ∆K = ∆K∗.

4. If M+1
2 − a < 0, 1

2 − a + Mb < 0.
(a) If b > 1

2 . Then K1 = K −∆K∗, ∆K = ∆K∗.
(b) If b < 1

2 . Then K1 = K∗
1 , ∆K = K −K∗

1 .

(Proof) Baed on Theorem 1, two random variables K0 and K1 are determined by the minimization of the VB
free energy.

1. Both K1 and ∆K become small, therefore K1 = K∗
1 and ∆K = ∆K∗.

2. K1 becomes large and ∆K becomes small, therefore K1 = K∗
1 and ∆K = K −K∗

1 .
3. K1 becomes small and ∆K becomes large, therefore K1 = K −∆K∗ and ∆K = ∆K∗.
4. The behavior of K1 and ∆K depends on their coefficients.

(a) M+1
2 −a < 1

2 −a+Mb ⇔ b > 1
2 : K1 becomes small and ∆K becomes large, therefore K1 = K−∆K∗

and ∆K = ∆K∗.
(b) M+1

2 − a < 1
2 − a + Mb ⇔ b < 1

2 : K1 becomes large and ∆K becomes small, therefore K1 = K∗
1 and

∆K = K −K∗
1 .

This completes the proof of Theorem 2 (Q.E.D.)

As a result, we obtain the following phase transition diagram in Fig.1.

Fig. 1. Phase transition diagram

5 Experiments

To illustrate the theorems, we conducted an experiment. The true distribution is given by the left of Fig.2,
M = 4, K∗ = 2. The training results by the model K = 3 is shown in the right. We experimentally investigated
the relation between the composition of the redundant components and hyperparameters by the following
process:

1. Execute the learning for 100 times with different initial conditions.
2. Extract the component which has the minimum mixture ratio as redundant component.
3. Sort the redundant components in ascending order of F̄ .
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The result is shown in the right of Fig.2. Although the learning results depend on the initial conditions, we can
see the following trends derived from the theorem.

– When a > M+1
2 = 2.5, the redundant component switch from “deterministic component” to “non-deterministic

component” around b = 0.5.
– When a < M+1

2 = 2.5, the redundant component switch from “deterministic component” to “no redundant
component” at a point less than b = 0.5.

Fig. 2. Relation between redundant component and hyperparameters

In practical case, the small clusters are often observed as ”deterministic components” because of the finite
sample size. Therefore this results suggest that the hyperparameter set (a, b) = (small, small) acts as the setting
to extract the small cluster without redundant components.

6 Conclusion

We theoretically derived the asymptotic behavior of the variational Bayes free energy. It was proved that there
exists the phase transition depending on hyperparameters both a and b. Furthermore we clarified the asymptotic
behavior of the redundant components.
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Appendix : Outline of proof of Theorem 1

By using q(Z,θ) = q1(Z)q2(θ) and log Γ (x) =
(
x− 1

2

)
log x− x + 1

2 log 2π + O
(

1
x

)
, the variational free energy

is given by

F̄ (X) =
(

Ka + N − 1
2

)
log(Ka + N)−

K∑

k=1

(
a + Nk − 1

2

)
log(a + Nk)

+
K∑

k=1

M∑
m=1

{(
2b + Nk − 1

2

)
log(2b + Nk)−

(
b + νkm − 1

2

)
log(b + νkm)

−
(

b + ν′km − 1
2

)
log(b + ν′km)

}
+

N∑
n=1

K∑

k=1

rnk log rnk + O (1) . (11)

Without losing generality, we can assume pkm 6= 0 and p′km = 0 (1 ≤ m ≤ M, K1 ≤ k ≤ K0). By applying the
consistency condition, we have

F̄ (X) +
N∑

n=1

log
K∑

k=1

ρnk =
(

(K0 −K1)Mb +
MK1

2

)
log N + o(log N). (12)

Finally, when θvb is the mean parameter of the posterior distribution, namely, θvb = {πvb,µvb} = {Eq(π)[π], Eq(µ)[µ]}
(where q(π), q(µ) are the variational posterior distributions), then we have

N∑
n=1

log
K∑

k=1

ρnk =
N∑

n=1

p(xn|θvb) + o(1). (13)

Therefore we obtain Theorem 1. (Q.E.D.)
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Abstract. This paper studies the global robust stability properties of
continuous-time neural networks with time delays. Using the standard
Lyapunov theorems and establishing new relationships between the un-
certain parameters of the interconnection matrices of the neural system,
a novel delay independent sufficient condition for the uniqueness and
global robust asymptotic stability of the equilibrium point is derived.
The obtained condition can be easily verified and expressed in terms
of the network parameters only. A numerical example is also given to
demonstrate the applicability and advantage of the result.

Keywords: Neural Networks, Robust Stability, Lyapunov Functionals.

1 Introduction

In recent years, neural networks have found potential applications in various
signal processing problems such as optimization, image processing and asso-
ciative memory design. In hardware implementation of neural networks, it is
required to introduce the delay parameters into system equations because of
signals transmitted among the neurons. It is known that the delays can affect
the dynamical behavior of the designed neural system. In addition, because of
the tolerances of electronic components employed in the design, there might be
some deviations in the network parameters of the system. On the other hand, the
uniqueness and global asymptotic stability of the equilibrium point of a neural
network plays an important role in the design of neural networks for real-word
applications. Therefore, it is of great importance to study stability properties of
neural networks in the presence of delay parameters and under the parameter
uncertainties. In other words, it is crucial to establish the conditions that ensure
global robust convergence properties of neural networks with time delays. In the
recent literature, many researchers have studied the stability of neural networks
and obtained different sufficient conditions for stability of equilibrium point of
various classes of delayed neural networks [1]-[15].

In this paper, we present a new condition for the uniqueness and global
robust asymptotic stability of neural networks with time delays. We consider
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2 Global Robust Stability of Dynamical Neural Networks with Time Delays

the following neural network model :

dxi(t)
dt

=−cixi(t)+
n∑

j=1

aijfj(xj(t))+
n∑

j=1

bijfj(xj(t−τj))+ui, i = 1, 2, ..., n (1)

where n is the number of the neurons, xi(t) denotes the state of the neuron
i at time t, fi(·) denote activation functions, aij and bij denote the strengths
of connectivity between neurons j and i at time t and t − τj , respectively; τj

represents the time delay required in transmitting a signal from the neuron j to
the neuron i, ui is the constant input and ci is the charging rate for the neuron i.

Neural system (1) can be written as follows

ẋ(t) = −Cx(t) + Af(x(t)) + Bf(x(t− τ)) + u (2)

where x(t) = (x1(t), x2(t), ..., xn(t))T is the state vector, C = diag(c1, c2, ..., cn)
is a positive diagonal matrix, A = (aij)n×n is the interconnection matrix, B =
(bij)n×n is the delayed interconnection matrix, u = (u1, u2, ..., un)T is a con-
stant vector, f(x(t)) = (f1(x1(t)), f2(x2(t)), ..., fn(xn(t)))T and f(x(t − τ)) =
(f1(x1(t− τ1)), f2(x2(t− τ2)), ..., fn(xn(t− τn)))T .

The quantities aij and bij and ci are intervalized as follows :

CI := {C : 0 < C≤C≤C, i.e., 0 < ci≤ci≤ci}
AI := {A : A≤A≤A, i.e., aij≤aij≤aij} (3)

BI := {B : B≤B≤B, i.e., bij≤bij≤bij}
The functions fi are assumed to satisfy the following condition

0≤fi(x)− fi(y)
x− y

≤µi, i = 1, 2, ..., n, ∀x, y ∈ R, x 6=y

where the µi are some positive constants. This class of functions will be denoted
by f ∈ K;

We will make use of the following lemmas that play an important role in deter-
mining our main results.

Lemma 1[12] : If A ∈ AI := {A : A≤A≤A}, then, for any positive diagonal
matrix P, the following inequality holds :

PA + AT P≤PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I

where A∗ = 1
2 (A + A), A∗ = 1

2 (A−A).

Lemma 2[11] : If B ∈ BI := {B : B≤B≤B}, then, the following inequality
holds

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2

where B∗ = 1
2 (B + B), B∗ = 1

2 (B −B).
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Global Robust Convergent Dynamics of Neural Networks with Time Delays 3

2 Robust Stability Analysis

This section presents a new sufficient condition for the uniqueness and global
robust stability of the equilibrium point for system (1). In order to prove the
stability of the equilibrium point x∗ of system (1), we will first simplify (1). Let
zi(·) = xi(·)− x∗i , i = 1, 2, ..., n. Then, the zi(·) are governed by

żi(t) = −cizi(t) +
n∑

j=1

aijgj(zj(t)) +
n∑

j=1

bijgj(zj(t− τj)), i = 1, 2, ..., n

or

ż(t) = −Cz(t) + Ag(z(t)) + Bg(z(t− τ)) (4)

where z(t) = (z1(t), z2(t), ..., zn(t))T , g(z(·)) = (g1(z1(·)), g2(z2(·)), ..., gn(zn(·)))T

and with gi(zi(·)) = fi(zi(·)+x∗i )−fi(x∗i ), i = 1, 2, ..., n. It can be verified that
the functions gi satisfy the assumptions on fi i.e., g ∈ K with the property that
gi(0) = 0, i = 1, 2, ..., n. It is thus sufficient to prove the stability of the origin of
the transformed system (4) instead of considering the stability of x∗ of (1). We
now obtain the following result :

Theorem 1 : Let f ∈ K. Then, the neural network model (1) with (3) has
a unique and globally asymptotically robust stable equilibrium point, if there
exists a positive diagonal matrix P = diag(p1, p2, ..., pn) such that

Ω = 2PCΛ−1 − PA∗ −A∗T P − ||PA∗ + AT
∗ P ||2I

−2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)I > 0

where Λ = diag(µ1, µ1, ..., µn), A∗ = 1
2 (A+A), A∗ = 1

2 (A−A), B∗ = 1
2 (B +B),

B∗ = 1
2 (B −B).

Proof: In order to show that the neural network model (1) has a unique equi-
librium point, it would be sufficient to prove that the origin of system (4) is the
unique equilibrium point of (4). To this end, consider the following map for (4)

H(z) = −Cz + Ag(z) + Bg(z) (5)

If z = 0, then H(z) = 0. If z 6= 0 and g(z) = 0, then H(z) 6= 0 as C is a
positive diagonal matrix. Consider the case where z 6= 0 and g(z) 6= 0. Let P be
a positive diagonal matrix. Multiplying both sides of (5) by 2gT (z)P results in

2gT (z)PH(z)= − 2gT (z)PCz + 2gT (z)PAg(z)+ 2gT (z)PBg(z)
= − 2gT (z)PCz + gT (z)(PA + AT P )g(z)+ 2gT (z)PBg(z)

From Lemma 1, we know that

PA + AT P≤PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I

43

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems



4 Global Robust Stability of Dynamical Neural Networks with Time Delays

Hence, we obtain

gT (z)(PA + AT P )g(z) ≤ gT (z)(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I)g(z) (6)

One can write

2gT (z)PBg(z) ≤ 2||P ||2||B||2||g(z)||22
Lemma 2 implies

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2

leading to

2gT (z)PBg(z) ≤ 2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z)||22 (7)

We also note that

−2gT (z)PCz = −2
n∑

i=1

picigi(zi)zi≤− 2gT (z)PCΛ−1g(z) (8)

Using (6)-(8) in (5) yields :

2gT (z)PH(z) ≤ −gT (z)(2PCΛ−1 − PA∗ −A∗T P )g(z)
−gT (z)(||PA∗ + AT

∗ P ||2I)g(z)

−2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z)||22
=− gT (z)Ωg(z)

If Ω > 0, then for g(z) 6= 0, we get 2gT (z)PH(z) < 0. Hence, it follows that
H(z) 6= 0 for all g(z) 6= 0. Since g(z) 6= 0 implies z 6= 0, it follows that H(z) 6= 0
for all z 6= 0 and H(z) = 0 if and only if z = 0. Since H(z) = 0 is the solution
of the equilibrium equation of system (4), it can be directly concluded that the
origin of system (4) is the unique equilibrium point, or equivalently, the system
(1) has a unique equilibrium point for every constant input u.
We will now show that Ω > 0 also implies the global asymptotic stability of the
origin of (4). Define the following positive definite Lyapunov functional :

V (z(t)) = zT (t)z(t) + 2α
n∑

i=1

∫ zi(t)

0

pigi(s)ds + (αγ + β)
n∑

i=1

∫ t

t−τi

g2
i (zi(ζ))dζ

where the pi, α, β and γ are some positive constants to be determined later. The
time derivative of the functional along the trajectories of system (4) is

V̇ (z(t)) = −2zT (t)Cz(t) + 2zT (t)Ag(z(t)) + 2zT (t)Bg(z(t− τ))
−2αgT (z(t))PCz(t) + 2αgT (z(t))PAg(z(t))
+2αgT (z(t))PBg(z(t− τ)) + αγ||g(z(t))||22 − αγ||g(z(t− τ))||22
+β||g(z(t))||22 − β||g(z(t− τ))||22 (9)
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We can write

−zT (t)Cz(t) + 2zT (t)Ag(z(t)) ≤ gT (z(t))AT C−1Ag(z(t))
≤ ||A||22||C−1||2||g(z(t))||22 (10)

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ)) ≤ gT (z(t− τ))BT C−1Bg(z(t− τ))
≤ ||B||22||C−1||2||g(z(t− τ))||22 (11)

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2 and ||A||22≤||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2
(Lemma 2). Hence, (10) and (11) can be respectively written as

−zT (t)Cz(t) + 2zT (t)Ag(z(t)) ≤
(||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2)||C−1||2||g(z(t))||22 (12)

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ)) ≤
(||B∗||22 + ||B∗||22 + 2||BT

∗ |B∗|||2)||C−1||2||g(z(t− τ))||22 (13)

We also note the following inequalities :

2αgT (z(t))PBg(z(t− τ))

≤ 2α||P ||2||B||2||g(z(t))||2||g(z(t− τ))||2
≤ α||P ||2||B||2(||g(z(t))||22 + ||g(z(t− τ))||22)
≤ α||P ||2

√
(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t− τ))||22

+α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22 (14)

2αgT (z(t))PAg(z(t)) = αgT (z(t))(PA + AT P )g(z(t))

≤ αgT (z(t))(PA∗ + A∗T P )g(z(t))
+αgT (z(t))||PA∗ + AT

∗ P ||2g(z(t)) (15)

−2αgT (z(t))PCz(t) ≤ −2αgT (z(t))PCΛ−1g(z(t)) (16)

Using (12)-(16) in (9) yields :

V̇ (z(t)) ≤ (||A∗||22 + ||A∗||22 + 2||AT
∗ |A∗|||2)||C−1||2||g(z(t))||22

+(||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2)||C−1||2||g(z(t− τ))||22

−2αgT (z(t))PCΛ−1g(z(t))

+αgT (z(t))(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2)g(z(t))

+α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22
+α||P ||2

√
(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t− τ))||22

+αγ||g(z(t))||22 − αγ||g(z(t− τ))||22 + β||g(z(t))||22 − β||g(z(t− τ))||22
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Let β = (||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2) ||C−1||2,

γ = ||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)
and βA = (||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2)||C−1||2. Then, V̇ (z(t)) is as follows

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − 2αgT (z(t))PCΛ−1g(z(t))

+ αgT (z(t))(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2)g(z(t))

+ 2α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22
implying that

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − αgT (z(t))Ωg(z(t))
≤ (βA + β)||g(z(t))||22 − αλm(Ω)||g(z(t))||22

The choice α > βA+β
λm(Ω) ensures that V̇ (z(t)) is negative definite for all g(z(t)) 6= 0.

(Note that g(z(t)) 6= 0 implies that z(t) 6= 0). If g(z(t)) = 0 and z(t) 6= 0, then
V̇ (z(t)) is of the form :

V̇ (z(t)) = −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− βgT (z(t− τ))g(z(t− τ))
−αγgT (z(t− τ))g(z(t− τ))

≤ −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22
For β = (||B∗||22 + ||B∗||22 + 2||BT

∗ |B∗|||2)||C−1||2, (14) implies that

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22 ≤ 0

In this case, V̇ (z(t)) ≤ −zT (t)Cz(t). It follows that V̇ (z(t)) < 0 for all z(t) 6= 0
with g(z(t)) = 0. Now, let g(z(t)) = 0 and z(t) = 0. This case implies that

V̇ (z(t)) = −βgT (z(t− τ))g(z(t− τ))− αγgT (z(t− τ))g(z(t− τ))

Obviously, V̇ (z(t)) is negative definite for all g(z(t − τ)) 6= 0. Hence, it follows
that V̇ (z(t)) = 0 if and only if z(t) = g(z(t)) = g(z(t − τ)) = 0, otherwise
V̇ (z(t)) < 0. Moreover, V (z(t)) is radially unbounded since V (z(t)) → ∞ as
||z(t)|| → ∞. Thus, it can be concluded that the origin of system (4) is globally
asymptotically stable. Global robust stability of system (1) has been studied in
[13]-[15] where the following results have been derived :

Theorem 2 [13] : Let f ∈ K. Then, the neural network model (1) is globally
asymptotically robust stable, if there exists a positive diagonal matrix P =
diag(p1, p2, ..., pn) such that

Υ = 2PCΛ−1 + S − 2||P ||2(||B∗||2 + ||B∗||2)I > 0

where Λ = diag (µ1, µ1 , ... µn), S = (sij)n×n with sii = − 2piaii,
sij = −max(|piaij + pjaji|, |piaij + pjaji|) for i 6= j, B∗ = 1

2 (B + B), and
B∗ = 1

2 (B −B) .
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3 Conclusions

We have presented an easily verifiable delay-independent sufficient condition for
the global robust stability of a class of delayed neural networks with respect
to unbounded and slope-bounded activation functions. The obtained result has
established a relationship between the network parameters of neural network
model independently of the delay parameters.
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